TeopeMa rana JlnTTJiBy^i^a-nsjiH ^jih 
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BcnjiecKOB 
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AHHOTaLI,Ha 

B CTaTbe flOKasano yTsepjKfleHHe, npe/icTaejiaromee coGoii anajior 
TeopeMbi JlHTTjiByfla-risjiH ^jih opTonpoeKTopoB na noflnpocTpancTBa 
BcnjiecKOB, cooTBeTCTByiomne MHoroMepnoMy KpaTHO-MacmTa6HOMy 
anajiHsy, nopoJKfleHHOMy TensopHbiM npoHSBefleHneM rjiaflKiix 4)hhht- 
Hbix MacniTaGHpyiomHX 4)yHKii;HH o^hoh nepeMeHHOii. 

KjnoneBbie cjioBa: opxonpoeKTop, no^npocxpaHCTBa BcnjiecKOB, Macmxa- 
GHpyiomaa (|)yHKn;H5i, KpaTHo-MacmTa6Ht.ifi anajiHs, xeopeMa JlHTXjiByfla- 

BBe^eHHe 

KaK HSBecTHo (cm., HanpHMep, [1], [2] h ^p. pa6oTL.i), BaacHoe sHane- 
HHe fl^Jis BBiBOfla nopa^KOBBix oi];eHOK tohhocth npnGjiHaceHHa b Lp cnoco- 

6aMH, OCHOBaHHblMH Ha npHMeHeHHH KpaTHblX TpHrOHOMexpHHeCKHX pa^oB, 

KjiaccoB nepHO^HHecKHX (|)yHKn;HH necKOjiBKHX nepeMeHHtix c ycjioBHSMH na 
CMemaHHbie npoHSBO^^Hbie (pasHocxH) hmciot TeopeMa JlHTTjiBy^^a-IIsjiH jiJis 
KpaTHBix pa^oB Oypte h cjie^cTBHH hs nee. Ho noBo;];y xeopeMbi JlHTTjiBy;];a- 
HsjiH fljia KpaxHbix pa^oB Oypbe cm., nanpHMcp, [3, n. 1.5.2], [4] h npn- 
BefleHHyio xaM jiHTepaxypy. JXjis cpefl<:TB npnGjiHJKeHHH KjiaccoB (nenepH- 
oflHHecKHx) (|)yHKLi,HH, Sa^^aHHBix Ha Ky6e I"^, no;];HHHeHHt.ix ycjioBHSM na 
CMemanHbie pasHOCTH, anajior xeopeMbi JlHTTjiBy^a-HsjiH ycTanoBjien aBTO- 
poM B [5]. Jins nojiyHCHHa cooTBCTCTByiomHX on;eHOK tohhocth npnGjiHace- 
HH3 KjiaccoB HenepHo^HHecKHx c|)yHKn;HH cMemaHHofi rjia^KocxH, sa^aHHtix 
Ha BCCM npocxpancTBe M*^, nojieano hmctb anajiorH sthx yTBepa<;fleHHH ^jih 
cpe^cTB npnGjiHJKeHHH xaKHx KjiaccoB (|)yHKn;HH. C 3Toii n;ejibio b paGoxe 
flOKaaan anajior xeopeMBi JlnxxjiBy^a-HsjiH ^jih ccMeflcxBa opxonpoexxopoB 
{Sk,k G Z^}, (cm. n. 2.2.) Ha no^npocxpancxBa bchjicckob, cooxBcxcxBy- 
lomne KpaxHo-MacmxaGnoMy anajiHay (KMA), nopoacfleHHOMy xenaopHbiM 
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npoH3BefleHHeM rjiaflKHx 4)hhhthi>ix 4)yHKi];HH oflHoii nepeMeHHoii, a HMen- 
HO, noKaaano, hto npn 1 < p < oo fljia jiio6oh 4)yHKii;HH / e Lp(W^) Bbinoji- 
HflioTCfl HepaBeHCTBa 



cMlL^m < ( / ( E \i^J)i^)\Y'dxY/^ < C2||/|U,(M.) (1) 



c HCKOTopbiMH KOHCTaHTaMH Ci,C2 > 0, 3aBHCHiri;HMH OT d.p m 4)yHKLl,Hii, 
iiopojK/j,aiomHX KMA. Sa^ana iiocxpoeHHa MacniTaSHpyiomHx 4)yHKLi,HH h 
BcnjiecKOB He HBjiHexca npe^MexoM paccMoxpeHHa HacToamefl paGoxbi, h no 
STOMy noBOfly cm., nanpHMep, [6], [7]. 

PaSoTa cocTOHT h3 BBefleHHfl H flByx naparpa4)0B. B §1 npHBeflenbi npe^- 
BapHTejibHbie CBep^eHms o6 opTonpoeKTopax, paccMaxpHBaeMbix b pa6oTe. B 
11. 2.2. §2 Ha ocHOBaHHH CBe^ennH h3 §1 h ii. 2.1. ycTanaBjinBaeTca cnpaBefl- 
jiHBocTb (1). riepettfleM k tohhbim (J)opMyjiHpoBKaM 

H flOKasaTejiBCTBaM. 



1.1. B 3TOM nyHKTe bbo;];htch o6o3HaHeHHH, HcnojibsyeMbie b HacTOHin;eH 
pa6oTe, a TaKace npHBOflSTca neKOTopbie cjDaKTbi, Heo6xoflHMbie b flajiBHett- 
meM. 

^jia d e N nepea Zi oSosnanHM MHOxcecTBO 



^jia KOMnjieKCHoro nncjia 2; nepea 'z o6o3HaHaeTCfl KOMnjieKCHO-conpajKeHHoe 

HHCJIO. 

Hepes Ci{D) o6o3HaHaeTCH iipocTpancTBO KOMiuieKCHoaHaHHbix nenpe- 
pbiBHo flH4)4)epeHij,HpyeMMx (J)yHKi],Hil b o6jiacTH D izW^. 

J\ji5i H3MepHMoro no JleSery MHOJKecTBa D <zM.'^ npn 1 < p < 00 nepea 
Lp(D), KaK oGbiHHO, oSoanaHaeTCfl npocTpancTBO Bcex KOMnjieKcnoanaHnbix 
H3MepHMbix na D 4)yHKn;HH /, fljia KOToptix onpe^ejiena nopivia 



§1. Oiiepaxopbi npoeKTHpoBanna na no^^npocxpancTBa, 
nopoJKflenntie orpannnennbiMH 4)ynKn,HaMH 



C KOMnaKTHblMH HOCHTejiaMH 



= {A = (Ai, . . . , Ad) e Z'^ : A, > 0, J = 1, . . . , d}. 
06o3HaHHM TaKJKe npn d & N fljia I e Z^ nepea Z^(Z) MnojKecTBO 
Z^(/) = {A e Z^ : Xj < = l,...,d}. 
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L2{D) flBjiaeTCfl rnjibGepTOBbiM npocTpancTBOM co CKajiapHbiM nponsBefle- 
HHeM (/, g) = fgdx, f,g e L2{D). 

06o3HaHHM eme nepes L\°'^(]R'') jiHHefiHoe npocTpancTBO Bcex jioKajibHO 

CyMMHpyeMblX B R"' 4)yHKLI,HH, lipHHHMaiOmHX KOMnjieKCHbie 3HaHeHHa. 

BBe/],eM eme cjie^yiomHe oGosHaneHHa. 

^jifl x,y & nojioJKHM xy — x ■ y — {xiyi, . . . , Xdya), a flJifl x & W'' n 
^4 c IR'^ onpeflejiHM 

xA — X ■ A — {xy : y e A}. 

By^eM o6o3HaHaTi> 

d 

(x^y) ^^Xjyj,x,y e W^. 

0603HaHHM Hepe3 MHOJKeCTBO X e R*^, flJIfl KOTOptlX Xj > npH 

j = 1, . . . ,d, n p^jia a e R+, x e R'' nojioacHM = a^^ . . . a^'^. 
ripH 0? e N onpeflejiHM MHOJKecTBa 

= {x eR'^ -.0 < Xj < l,j = 

1'^ = {x eW^ ■.0<Xj <1J = 1,..., d}, 

B'^ = {x e R'^ : -1 < Xj < l,j = l,...,d}. 

Hepea e Sy^eM o6o3HaHaTb BexTop b R'', saflaBaeMbifi paBencTBOM e = 

npH deN ^jiH xeR'^mJ= {ji, . . . , j'fc} C N : l < ji < is < • • • < < 
d, Hepea x"^ o6o3HaHHM Bexxop x*^ = {xj-^, . . . ,Xj^) G R''', a fljia MHoacecTBa 
>1 C R'' nojioacHM A'^ = {x'^ : x e A}. 

ripH deN fljifl x e R'^ nepea J{x) o6o3HaHHM MHoacecTBO J{x) — {j — 
1, . . . ,d : Xj 7^ 0}, a fljia MHoacecTBa J C {1, . . . ,d} nepea xj o6o3HaHHM 

BeKTOp H3 R*^ C KOMnOHeHTaMH 

\o,fljiHje({i,...,4\J). 

BjjieM TaKJKe oSosHaHaTb nepea xa xapaKTepncTHHecKyio 4)yHKii;Hio MHoace- 
CTBa A C R'^. 

fl^jm d E N,x,y E R'^ Sy^eM nHcaxb x < y{x < y), earn fljm Kaacfloro 
j — 1, . . . ,d BBinojiHfleTca HepaBencTBO Xj < yj{xj < yj). 

JXn^ 5aHaxoBa npocTpancTBa X (nafl C) o6o3HaHHM B[X) — {x E X : 

M\x < 1}. 
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^jifl SanaxoBbix npocTpancTB X, Y nepea B{X, Y) o6o3HaHHM SanaxoBO 
npocTpancTBO, cocToamee h3 HenpepbiBHbix jiHHeHHbix onepaTopoB T : X i— > 
Y, c HopMoii 

||2"||B(x,y) = sup \\Tx\\y. 

x€B(X) 

OTMeTHM, HTO ecjiH X — Y, TO B{X, Y) aBjiaeTCfl SanaxoBOH ajireSpoii. 
Otmbthm em,e, hto npn Y — C npocTpancTBO B{X, C) o6o3HaHaeTCfl TaKsce 
X*. 

B saBepmeHHH SToro nyHKxa npmBejieM CBefleHHa o KpaTHbix pa^ax, ko- 
TopbiMH GyfleM iiojibsoBaxBca b flajiBHeflmeM. 
ripH d eN fljia y eW^ o6o3HaHHM 

m{y) = max yj, 

j=l,...,d 

m{y) = mm yj 

j=l,...,d 

H GanaxoBa npocTpancTBa X, BexTopa x & X n ceMeiiCTBa {x^ & X,k & 
Z+} Sy^neM nncaTb x = lim^(K)^oo a;^, ecjiH p^jis jiio6oro e > cymecTByex 
no G N TaKoe, hto ^jih jiio6oro /t G Z^^, fljia KOToporo m(«;) > no, cnpaBefl- 
jiHBo HepaBCHCTBo ||a; — x^Hx < £• 

riycTb X - SanaxoBO npocTpancTBO (nafl C), d e N h {x^ G X : 
K e Z^} - ceMeftcTBO bcktopob. Tor^a nofl cyMMoft pa^a ^i^^^d x^ 6y- 
fleM noHHMaTb BexTop x & X, fljia KOToporo BbinojiHaeTCfl paBencTBO x — 

ripH c? e N Hepe3 T*^ o6o3HaHHM MHoacecTBO 

T'' = {eeZ'^:e,e{0,l},i = l,...,d}. 

HMeex MecTO 
IIpefljiojKeHHe 1.1.1 

HycTb X - SanaxoBO npocTpancTBo, a BexTop x ^ X ceMeficTBO {x^, G 
X : K & U^} TaKOBbi, HTO X — lim^(^)_^oo Tor^a fljia ceMeiiCTBa {A'^ G 
X, K G Z^}, onpeflejiaeMoro paBencTBOM 

66Td:/(e)c/M 

ciipaBe/],jiHBo paBencTBo 

x= Y X^- 
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HpefljioJKeHHe ABjiaeTca cjieflCTBHeM Toro, hto npn k e BbinojiHaeTCfl 
paBencTBO 

^ |« e Z''4k)X, = Xk{cM. [8]). (1.1.1) 

SaMenaHHe. 

JlerKO aaMeTHTb, hto fljia jiio6oro ceMeiiCTBa HHceji {x^ G M : > 0, k e 
Z^}, ecjiH pflfl J2kgi.^ cxoflHTca, T.e. cyn];ecTByeT npe^eji lim ^^^^d x^, 

+ m(fc)->-oo ^ +^ ^ 

TO fljia jiK)6oH nocjie^oBaTejibHocTH noflMHoacecTB {Zn G WJ^^n e Z+}, xa- 
KHX, HTO caxdZn < oo, Zn C Zn+i,n e Z+, H U„gz+^n = Z'l, cnpaBej^.nHBO 
paBCHCTBO ^^ggd a;^ = lim„^oo "^^nez OTCiofla HecjiojKHO iiOHHTb, hto 
ecjiH flJiH ceMeiicTBa BCKTopoB {x^, G X, k G Z^|_} GanaxoBa npocxpancTBa 
X psifl Skgz^ II^kIIx cxo^htch, to ^jifl J11060H nocjieflOBaTejiBHOCTH no^MHO- 
jKecTB {Zn C Z^|_,n G Z_|_}, TaKHx, HTO caidZn < 00, Zn C Zji_|_i,n G Z_|_, H 

UnGZ+-^n = Z^, B X CoSjIIOflaeTCfl paBBHCTBO X^KeZ^ ^« = limn-7oo ZlweZn 

1.2. B 3TOM nyHKxe HsynaioTCJi HexoTopBie CBoiiCTBa onepaxopoB npoex- 
THpoBaHHs, paccMaTpHBaeMbix B pa6oTe. 

HpejKfle Bcero otmbthm, hto ecjin H : X i-^ Y - hsomopcJdhsm jiHHeiiHoro 
npocTpancTBa X na jiHHeiiHoe npocTpancTBO Y n P :¥ i-^ Y - npoeKi];HOH- 
Hbiii onepaTop, to H~^PH - npoexTop, fleHCTByioiij,HH b X n 

ImH-^PH ^ H-HmP, (1.2.1) 

Ker H-^PH ^ H-^Ker P. (1.2.2) 

JleMMa 1.2.1 

IlycTb Pq) -Pi ^ onepaTopbi npoeKTHpoBannfl, fleHCTByioiii,eHe b jiHHenHOM 
npocTpancTBe X, Taxne, hto 

Im Po dm Pi, Ker Pi C Ker Pq- (1-2.3) 

Tor^a Pi — Pq HBjiHeTca onepaTopoM npoexTHpoBaHHa, npHHCM, 

Im(Pi - Po) = Im Pi n Ker Pq; Ker(Pi - Pq) = Im Pq + Ker Pi. (1.2.4) 

^OKasaTe jibCTBo . 

^eficTBHTejiBHo, c yneTOM (1.2.3), a Taicace Toro (|)aKTa, hto Im(£'— Pi) = 
Ker Pi, HMeeM 

(Pi - Pof - Pi^ - PiPo - PoPi + Po' = 

Pi - Po - Po(Pi - ^ + £;) + Po = Pi - Pq. 
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^ajiee, BBH^y (1.2.3) 

Im(Pi - Po) C ImPi 

H 

Po{Pi - Po) = Po(Pi -E + E)-P^^O + Po-Po^O, 

T.e. Im(Pi — Po) C KerPo, a, cjieflOBaxejibHO, Im(Pi — Pq) C ImPi fl Ker Pq. 

C jjTpyTO^ CTopoHbi jiJis X G Im Pi fl Ker Pq BbinojinaeTCH cooTHomeHne x = 
Pix = Pix — = Pix — Pqx = (Pi — Po)x G Im(Pi — Pq). Tgm caMbiM 
ycTaHOBjiena cnpaBefljiHBocTt nepBoro paBencTBa b (1.2.4). 

^jifl npoBepKH BToporo paBencTBa b (1.2.4), yHHTbiBaa, hto Pi — Pq - 
npoeKTop, HMeeM 

Ker(Pi - Po) = lm{E - (Pi - Pq)) = lm{{E ~ Pi) + Po) 

C lm{E - Pi) + Im Po = Ker Pi + Im Pq. 

HaKOHen;, fljia x — y + z, r^e y G Ker Pi, z G ImPo, b CHjiy (1.2.3) coSjiiOfla- 
eTCfl paBencTBo (Pi — Po)a; = Piy — P^y + Pi^ — Pqz = — + z — z — 0, 
H, sHaHHT, Ker Pi + ImPg C Ker (Pi — Pq), hto saBepmaex bbiboa BToporo 
paBeHCTBa b (1.2.4). □ 

IlpH 5 G IR+ o6o3HaHHM Hepe3 hs OTo6pajKeHHe, Koropoe Ka^Kfloii (kom- 
njieKCHOSHaHHofi) 4)yHKii;HH /, saflaHHofi na neKOTopoM MHOJKecTBe S G M., 
CTaBHT B cooTBeTCTBHe (|)yHKii;Hio hsf, onpe;];ejiaeMyio na MHoacecTBe {x G 
R : 5a; G iS} paBencTBOM {hsf){x) = f{Sx). 5Icho, hto OTo6pa>KeHHe hs 
3Bji3eTC3 6HeKii,HeH Ha ce6a MHoacecxBa Bcex 4)yHKij,HH c o6jiacTt>io oiipe^e- 

JieHHfl B R. IlpH 3T0M, fljifl 5, (J G R+ HMeeT MeCTO paBCHCTBO hsa — hsha n 

oSpaTHoe OToSpasceHHe hj^ saflaeTca paBencTBOM hj^ — hs-i . 

Otmcthm, hto npH 1 < p < oo OTo6paaceHHe hg, cyaceHHoe na Lp(R), 
sBjiaexcH jiHHefiHbiM roMeoMop4)H3MOM npocTpancTBa I/p(R) na ce6a h ^jia 
/ G I/p(R) BbmojiHHeTca paBencxBO 

||^5/|Up(R) =(^~^"'||/|Up(K), 

a, cjieflOBaxejiBHo, fljia / G Lp{R) coGjnoflaexca paBencxBo 

\\K'fKm-^'~'\\fKm- 

KpoMe xoro, npn 6 G R+, 1 < p < oo ^jih / G Lp{R),g G Lp/(R)(p' = 
p/{p — 1)) cnpaBefljiHBO cooxHomeHne 



I {hsf){hs9)dx ^ / f{Sx)g{5x)dx ^ 5 ^ / f{x)g{x)dx 
R Jm. Jr 
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a, cjieflOBaTejibHO, 



[ {hsf){hsg)dx = ^ /" fgdx = 



(1.2.5) 




JXjis ceMciicTBa {x,y G X, z/ G Z} BexTopoB GanaxoBa npocTpancTBa X 

nOfl CyMMOH Y.ueZ^'^ Sy^eM nOHHMaXb lim^,nGZ+,min(m,n)^oo Y.'l=-m^'^- 

Hepes I2, KaK oGmhho, oGosHanaeTca rnjibGepTOBO npocTpancTBO bbk- 

TOpOB X — {x,^ G C,!/ G Z}, flJIfl KOTOpblX pflfl J^i^eZ l-^i^l^ CXOflHTCfl, CO 

CKajiflpHMM npoH3BefleHHeM 



riycTb Xq - saMKHyToe jiHHeiiHoe iio^iipocTpaHCTBO b L2 (IR) , p,Jia KOTopo- 
ro cymecTByex (J)yHKii,H3 (p G Xq xaxaH, hto CHCxeMa (J)yHKii,Hii — v) , 1/ G 
Z} flBjiaeTCfl 6a3HCOM Pncca b Xq, T.e. saMbiKaHne b L2(M) jiHHefiHoii 060- 

JIOHKH 3T0H CHCTeMbI 



H cymecTByioT KOHcxaHTbi A,B E o5jiaflaioii],He tbm cbohctbom, hto fljia 
jiioSoro ceMeficTBa {cj,, i/ G Z} G /2 coSjiioflaiOTCfl nepaBencTBa 



^IIKIIIz. < \\Y.c^cP{--u)\\Lm<B\\{cu}\\UcM. [6], [7]). (1.2.7) 



YcjioBHa (1.2.6), (1.2.7) sKBHBajieHTHbi xoMy, hto oToGpaaceHHe : I2 ^ 

Xq, KOTOpOe KaaCflOMy BeKTOpy {c^,,!/ G Z} G ^2 CTaBHT B COOTBeXCTBHe 
4)yHKII,HI0 X^i^gz Ci,0(- — i/) G XonL2(R) flBJIfleTCfl JIHHefiHblM rOMeOMOp4)H3- 

MOM npocTpancTBa I2 iia iioaiipocTpaHCTBO Xq fl L2(M). 

4)yHKii;HH (j) G Xo, y^OBjiCTBopjHomefl ycjioBHHM (1.2.6), (1.2.7), Hafi- 
fleM flBoiicTBeHHyio eii 4)yHKii,Hio 0* G Xq (cm. rji. 1 h3 [6]), T.e. xaKyio, hto 
npH I/, /X G Z coSjiiOflaiOTca paBCHCTBa 



HpH 3T0M ccMeiiCTBO 4)yHKii,HH {0*(- — z/), G Z} TaKace flBjiaeTCfl SasH- 
COM Pncca b Xq h fljia Kaacfloro / G Xq hmcct mccto npeflCTaBjiCHHe 
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r^e ceMeiiCTBO {ci,, u & li} & I2, a, flJia Kaacfloro i/ e Z BbinojinaeTCfl paBen- 

CTBO 

c^= I f{x)(t)*{x - v)dx. (1.2.10) 

06o3HaHHM Hepes Uq onepaxop opxoroHajibHoro npoeKTHpoBaHna npo- 
CTpancTBa L2(R) na noflnpocTpancTBO Xq, T.e. Uq : L2(M) i-)- L2(]R) - nenpe- 
pbiBHbiH npoeKTop, y KOToporo 

ImC/o = Xo, (1.2.11) 

Ker Uo = Im{E - Uo) = {/ e L2{R) : / fgdx = OV^ e Xo}, (1.2.12) 

Jr 

rfle E - TOJK^ecTBeHHbiH oiiepaTop b L2(M). 

H3 (1.2.9), (1.2.10), (1.2.11), (1.2.12) BBiTexaeT, hto fljia / e L2(R) cnpa- 

BeflJIHBO paBCHCTBO 

Uof = E( / iUof){x)cf>*{x-u)dx)cf>{- - u), 

npHHCM, 

/ {Uof){x)^*{x-v)dx = [ {(UoDix) - fix) + f{x))^*{x - v)dx = 

JR JR 

[ {{Uof){x)-f{x))<P*ix - iy)dx+ [ f{x)<P*{x - v)dx = / f{x)(t>*{x-v)dx, 
Jr Jr Jr 

H, SHaHHT, 

Uof = E( / f{x)¥i^^)dx)<P{- - V). (1.2.13) 

Tenept npn /c e N nojioacHM 

X, = h\{X^) = h2{ht'Xo) = h2{Xk-i), (1.2.14) 

Uk = /i^t/o(/i2)"' = h2kUo{h2k)-^ = h2kUoh2-k. (1.2.15) 

ConocTaBjiaa (1.2.1), (1.2.2), (1.2.14), (1.2.15), (1.2.11), (1.2.12), (1.2.5), 
(1.2.6), saKjiiOHaeM, hto '■ L2{M^ ^ iv2(IR) aBjiaeTca npoeKTopoM, y ko- 
Toporo 

ImC/fe = = /i2'=(closeL2(M)(span{0(- - i/), i/ e Z})) = 
closei2(]K)(/i2fc(span{0(- - i/),i/ e Z})) = 

closei2(]K)(span{/i2'=(^(' " ^ ^}) = 

closer, (M)(span{0(2'= • -i/)), 1/ G Z}), (1.2.16) 
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KerUk = h2^{{f € HR) : / fgdx = OV5 e Xq}) = 

Jr 

{h^kif) : / e L2(R), / h2k{f)hMdx = OV^ e Xo}) = 

{F e L2(R) : / FGdx = OVG e Xfe}. (1.2.17) 

IIpHHHMaH BO BHHMaHHe (1.2.16), (1.2.17) H yHHTbiBaa, HTo fljia / e 
L2(M) ciipaBC/j,jmBO cooTHomeHne 

/ f{'x)g{x)dx — Oyg e closeL2(]R)(spaii{0(2'^ • —i/), v e Z}) <(=^ 

/ f{x)g{x)dx = OVg- e span{0(2'' • -i/), i/ e Z} <(=^ 

/ /(x)0(2% - i/)(ix = OVi/ e Z, 

HaxoflHM, ^TO npH A; e Z+ Bepno paBencTBO 

KerC/fc = {/ e L2(M) : /" f{x)(t){2^x - v)dx = OVi/ e Z}. 

OxMeTHM, HTO BBHfly (1.2.15), (1.2.13) / G L2(M) npH k G Z_|_ bbi- 
nojiHaexca paBencTBO 

Ukf = h^uiY^i I {h2-kf){x)<t>*{x-u)dx)<t>{- - v)) = 

5]( /" f{2-^x)<t>*{x-v)dx)<t>{2^ ■ -v) = 

J]2'=( /" f{x)(t>*{2^x - v)dx)(t>{2^ ■ -v). (1.2.18) 

HpH d G N fljia t G M*^ nepes 2* 6yfleM o6o3HaHaTi. seKTop 2* = (2*^ , . . . , 2*^*) . 

d G N, K G Z'', G Z*^ o6o3HaHHM Hepe3 = 2~''v + 2-'*/'^. 
HpefljiojKeHHe 1.2.2 

IlyCTb d G N, 4)yHKLI,HH 0, 0* G Loo(IR'^) HMeiOT KOMIiaKTHbie HOCHTejm H 

npH K G Z^|_ jiHHeHHbiii onepaxop E,^ = E'^''^* : ) i— ). ^i°c(k ) Q^ipejiejis- 

eTca paBeHCTBOM 

(£;,/)(x) = ^ 2('''^)( / /(y)0*(2«y-i.)ciy)0(2''x-i/),a; G K^/ G L;°<^'\ 

(1.2.19) 



r^e cyMMHpoBaHHe npoHSBOflHTCfl noToneHHO. Tor^a cymecTsyeT KOHCTan- 
Ta Ci(d, 0, 0*) > Taxaa, hto npn 1 < p < oo fljia / e Lp(R'^),«; e 
cnpaBefljiHBa oi];eHKa 

<Ci||/|U^(M.), (1.2.20) 

H fljifl jiio6oii 4)yHKLi;HH / G HMeromeii KOMnaKTHbiii HOCHTejit, cy- 

mecTByeT KOMnaxT K gM.'^ TaKoii, hto npn jiio6om k G HOCHTejit 

supp(E,/) C K. (1.2.21) 

/loKasaxe jibCTBO . 

Hpn K,^ G Z'^ o5o3HaHHM 4>K,iy{.-) = 0(2'' ■ — i^),0Ki/(-) = 0*(2'' • —v). 
3aMeTHM, HTO cymecTByeT KOHCTaHTa 02(0?, 0) > TaKaa, hto npn K,n 
cnpaBefljiHBa oi];eHKa 

card{t/ G Z^ : supp 0«,, n g^^„ 7^ 0} < Cg. (1.2.22) 

B caMOM flejie, yHHTbiBaa, hto supp0K^,^ = 2~'^i/ + 2~'^supp0, HMeeM 

{i/GZ<^:supp0,,,nQf,„^0} = 

{z/ G Z'^ : (2- V + 2"'' supp 0) n (2-''n + 2^"/'^) 7^ 0} = 
{u e 1'^' : (zy + SUPP0) n (n + /^) ^ 0} = 
n + {i/' G Z*^ : (i/' + n + supp 0) n (n + J'^) 7^ 0} = 

n + {i/' G Z*^ : (i/' + SUPP0) n /V 0}, 

a, cjie^oBaTejiBHO, 

card{i/ G : supp 0„,^ n „ 7^ 0} = card{i/' G Z"^ : {u' + supp 0) n J'' 7^ 0}. 

OTCiOfla BBHfly orpaHHHeHHOCTH supp0 BbiTCKaeT (1.2.22). 

OTMeTHM, HTO (1.2.22) coxpaHfleT cbohd CHjiy, ecjiH aaivieHHTb na 0*. 

H3 (1.2.22) cjieflyex, hto na KajK^OM Ky6e Q'^j^,n G Z'^, hhcjio otjihhhbix 
OT cjiaraeMbix b npaBoii nacTH (1.2.19) KoneHHO. 
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riycTb 1 < p < cxD, / e Lp(W^). Tor^a npn k G bbiboahm 



E / J E J{y)^;Mdy)4>.A''dx< 
E /, ( E 2(«'^)| /"/(y)0*>)rfy|||0IU.(M<^)rdx = 

E(mesg^,j2('''^)^ii0r^^(^,)( E I j jiy)KMdy\y 

n&d z/eZd:supp</.„,^nQd_„^0 '^'^ 

2{M(P-i)||<^||P^^^^^ ^(card{^ G Z"^ : supp 0,,. n g^,„ ^ 0})^/^'- 



< 



( E \ ffiy)<PlAy)dyn< 

nGZ<* ^eZd:supp(^«,^nQd "'supp 

c|/-'2(-)(--)|i0ir,^(^,^E( E (/ . \f\'dyy 



\€,ydyr/'')^<f,^''2(^''^^-'^\mi 

E( E (/ Xsupp0*J/|^ciy)2-('^'^W^'(/' < 

neZ<* ^eZ<i:supp<^«,.nQ^„^0 "^«"PP^* 



^^''ii'/'iiL(M'')ii'^*iiL(M^)(^^^^"pp'^*)'^'' E E f^xsu,,rjmy < 

neZdi/eZd:supp0«,i,nQrf,„^0 '^'^ 

(C3(rf,0,0*)r / (E E xsupp^,,ji/rciy = 

neZdi^6Zd:supp0«,i,nQd_„^0 

^E (E E xsupp^,,ji/Rt/ = 

n'GZd '^K.n' neZd i/eZd:supp0«,i,nQ^ „7^0 

^E / , ^ E 11 E xsupp<A*,ji/rc?z/- 

n'eZd neZ'':3i/eZ'*:supp^i„,^nQ^_„7^0, i'GZ<i:supp0„,i,nQ^_„^0 

(1.2.23) 



SaMBTHM, HTO ecjiH fljifl n,n' e Z'^ cymecTsyeT e Z*^, fljia KOToporo 

supp (t)K,v^Q'i,n 7^ supp 0*_j,n(5^ „, 7^ 0, TO, KaK BHflHO H3 BblBOfla (1.2.22), 

HMeioT MecTO cooTHomeHHa (i/— n+supp^)!"!/*^ 7^ h (z/— n' + supp^*)!"!/*^ 7^ 
0, a, cjieflOBaxejibHo, cymecTByioT tohkh ^ G supp (jy.rj E supp 0* xaKue, hto 
u — n + — n' + TjEl'^. HosTOMy ^jm j = 1, . . . , d uojiynaeM 

- nj = i/j - nj + - Cj - {^j - n'j) - Vj + Vj = 

{uj - Uj + Q - {uj - n'j + r]j) + {r]j - Q > 

0-1- > -1- sup \Vj-Cj\- 

r;6supp </>* ,^esupp </> 

ToHHo TaK jKe fljifl n, n' e Z*^, fljia KOTopbix cyni,ecTByeT v Elf' : supp fl 

<5«,n 7^ 0> supp 0; n Q^_„, 7^ 0, HBXOflHM, HTO 

n^. -nj-<l+ sup 

jjesupp (/)* ,^ esupp </> 

H, 3HaHHT, 

|nj-n^|<l+ sup = l,...,(i. 

jjesupp 0* ,^ esupp 

YHHTbiBaa 3T0 saMenaHHe, bh^hm, hto cymeciByeT KOHCTauTa 04(0?, 0, 0*) > 
Taxaa, hto fljia n' e Z'^ cnpaBefljiHBa ou,eHKa 

card{n e Z'^ : 3i/ e Z'^ : supp 0,,, n g^_„ 7^ 0, supp n Q^^^, 7^ 0} < C4. 

(1.2.24) 

ripHHHMaa BO BHHMaHHe (1.2.24) H (1.2.22), saKjuonaeM, hto npn e Z*^ 
BbinojiHfleTca nepaBencTBO 

Xsupp0*^^, ^ 

neZ'*:3t/GZ'':supp(/.^,i,n(3^_„7^0, i/eZ<*:supp 0„,i,n(5^_„7^0 
supp</.*,,nQ^_^,^0 ' 



XI C2 < C2C4. (1.2.25) 



supp</.*,,nQ^_^,^0 



IIoflCTaBJIHH (1.2.25) B (1.2.23), IipHXOflHM K HepaBCHCTBy 



HTO BjieneT (1.2.20). 
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AHajiorHHHO npoBOflHTca bmboa (1.2.20) npn p = oo. 

^Jlfl npOBepKH (1.2.21) OTMeTHM, HTO npH K e flJIfl 1/ ^ TJ^ HMeeT 

MeCTO paBBHCTBO 



f{y)<P*{2^y - iy)dy = / f{y)ct>*(2'^y-u)dy = 

•/ supp /nsupp ^* (2'' ■ — I/) 

/ /(2/)0*(2-|/ - p)dy, 

Jswpp /n(2-'*i^+2-« supp (/>*) 

H, cjieflOBaTejiBHO, 

!^GZ<i:supp/n(2-'=i/+2-'= supp</)*)7^0 



f{y)cj>*{2-y-v)dy)cj>{2'^--u), 



a, 3HaHHT, 



supp(£'„/) C U,,gzd.supp/n(2-«i/+2-''supp</.*)^0 supp 0(2'' ■ -z/) = 

Ui/ezd:supp/n(2-«i/+2-«supp(^*)^0 (2 '^z^ + 2 ''supp^). 

OTCiOfla BHflHM, HTO fljia X G supp(£^«/) cymecTByeT u e Z'^, fljia KOToporo 
X = 2~'^u + 2"''^, Tjxe ^ G supp0, a fljia neKOToporo 77 e supp0* TOHxa 
y = (2~'*z/ + 2~'^r]) e supp/, hto BjieneT nepaBencTBa 

la;,- - y,\ = \2-^^uj + 2-^^Cj - {^-^^i^j + 2-^^r]j)\ = 

S"''^ iCj -Vj\< sup - I , j = 1, . . . , 

^esupp (/),?j6supp 4>* 

OTKyfla cjieflyeT (1.2.21).n 
npe;];jio>KeHHe 1.2.3 

HycTb (j3yHKn;H}i G Loo(IR) HMeex KOMiiaKTHbiii HOCHTejib h bmiiojiji- 
lOTca ycjioBH3 (1.2.6), (1.2.7), a (jDyHKii,H3 0* G Loo(K) H Xq xaKsce HMeex 
KOMnaKTHbiii HOCHTejit h coSjiiOflaiOTCfl paBencTBa (1.2.8). Tor^a fljia one- 
paTopoB Ek,Uk,,k G Z+ (cm. (1.2.19), (1.2.15)) cnpaBefljiHBbi cooTHomeHHa: 

1) 

EJ = UJJeL2{Ry, (1.2.26) 

2) npn 1 < p < 00 onepaxop i?^ = \lp{r) sBjiaeTca onepaTopoM 
npoeKTHpoBaHH3 B Lp(R), fljia KOToporo 

ImEP = closeL^(M)(span{0(2'' ■ e Z}) = 

/i2'^(closeip(M)(spaii{0(- - i/), i/ G Z})); (1.2.27) 
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Ker^;^ = {/ e Lp(R) : / f{x)<f)*{2^x - v)dx = OVz/ G Z} = 
{/ e Lp(M) : / /(x)0(2«x - = OVi/ e Z} = 

{/ e Lp(R) : /" f{x)^dx = OV^ e span{0(2'^ ■ -iy),iy e Z}}; (1.2.28) 
3) npH 1 < P < oo fljia / e Lp(M),gf e -^^p'(IR) hmgiot mccto paBencTBa 

/ (EJ) .gdx= f f- '{E:j)dx (1.2.29) 

H 

/ (£:«/) ■gdx = [ f- (^dx, (1.2.30) 

rfle oiiepaTop = ^^''^* : L^"^*-"^^ i-)- L^]"^*^^-*, onpeflejiaexca paBencTBOM 
£,^E,-E,_i,KeZ+,E_i^O. 

^OKasaTejiBCTBO . 

HtoSbi ySeflHTbCfl b cnpaBefljiHBOCTH (1.2.26), saivieTHM, hto fljia KajK^oii 
4)yHKi];HH / e L2(R), HOCHTejib KOTopoii KOMnaKTeH, B CHjiy (1.2.19), (1.2.18) 

BBinOJIHfleTCfl paBCHCTBO 

i^eZisupp /nsupp (p* (2"— 1/)^0 

( / /(|/)0*(2-y - i/)d|/)0(2'= • -i/) = (^«/)(-), 

JR 

(h6o MHOJKecTBO {i/ G Z : supp / flsupp (j)*[2'^ -—v) 7^ 0} - KoneHHo). YHHTbi- 
Baa, HTO Ek n Uk - HenpepbiBHbie onepaTopti b L2(M), a MHOJKecTBO 4)yHK- 

II,HH / e L2(R), HMeiOmHX KOMnaKTHbie HOCHTejIH, njIOTHO B L2(R), OTCIOfla 

saKjiioHaeM, hto (1.2.26) cnpaBe;];jiHBO j^jis Bcex / G L2(M). 

HpoBepHM, HTO E^ HBjiaeTCH iipoeKTopoM. /],Ji3 3Toro, yHHTbiBaa, HTO fljia 
/ e 1/2 (M) n I>p(M), Gjiaroflaps (1.2.20), HMeeT MecTO cooTHomeHHe E^^f — 
E^f e -L2(IR) n Lp{M), HcnojiBsya (1.2.26) h tot 4)aKT, hto - onepaTop 
npoeKTupoBaHHa, bbiboahm 

= = U^UJ = UJ = EJ = EJ. (1.2.31) 

OTCio;];a B CHjiy HenpepbiBHOCTH onepaTopa i?^ : Lp(R) i— )■ Lp(]R) (cm. (1.2.20)) 

H njIOTHOCTH L2(]R) fl Lp(R) B Lp(R) IipH 1 < p < 00 BblTCKaeT co6jiiofleHHe 

(1.2.31) fljis / e Lp(R), T.e. - npoexTop b Lp(R). 
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ycTaHOBHM cnpaBefljiHBOCTb (1.2.27). BbiSnpafl fljia / e Lp(U.) nocjie- 
flOBaTejibHOCTb 4)yHKii,HH {fn G Loc.(^),'n e N}, HMeromHx KOMnaKTHbie 

HOCHTejiH, cxo^^HmyiocH K / B Lp(]R), BCjie;];cTBHe (1.2.19) h nenpepbiBHO- 
CTH oiiepaTopa E'^ : Lp(]R) i— > Lp(]R) iiojiynaeM, hto Ej^fn G span{0(2'^ ■ 
-z/),z/ G Z},n G N, H ^ B Lp{R) iipH n ^ oo, T.e. Im^^ C 

closeLp(M)(span{0(2'^ • -i/), i/ G Z}). OSpaTHO, fljia / G closei,p(]R)(span{0(2'^ • 
— i/),i/ G Z}), 6eps nocjiflOBaTejiBHOCTB {/„ G span{0(2'^ • G Z},n G 

N}, cxo^^HmyiocH K / B Lp(R), HcnojiBsya nenpepbiBHOCTb i?^ |lp(ir) b Lp(M), 
(1.2.26), (1.2.16) H TOT 4)aKT, hto t/^ cyTb npoexTop, nojiynaeM, 

EPJ = lim = lim i?,/„ = lim U.U = lim /„ = /, 

ra— >oo n— >-oo n— >-oo n— >-oo 

cjieflOBaTejiBHo, 

closei^(M)(span{0(2'' • -i/),i/ G Z}) C ImEP. 

TeM caMBiM, ycTaHOBjiena ciipaBe^jmBocTB (1.2.27). 

nepeH/],eM k BbiBo^y (1.2.28). Cna^ajia nojiyHHM (1.2.28) npn k — 0. 
HycTi. / G KbicEq. Tor^a npn G Z BBH^y (1.2.19), (1.2.8) coSjiiOflaiOTCfl 

paBCHCTBa 

0= / {Elf){xW¥^dx^ [ (J]( / f{y)ny - y)dy)(t>{x-v))(t>*{x - f,)d. 

JR JR Jr 

X] / ( / f{y)(p*{y-jy)dy)(p{x-u)(f)*{x- ii)dx^ 

/ f{y)(t>*{y -^)dy) / <t){x - v)(t)*{x - ^J)dx = I f{y)(f)*{y - fj,)dy). 
,,^rj, JR Jr Jr 



X 



EcjiH jKe fljifl / G ivp(]R) BbiiiojmaHDTca paBencTBa j^f{y)(t)*{y — y)dy — 
0, z/ G Z, TO corjiacHo (1.2.19) E^f — 0. TaKHM oSpaaoM, nepBoe paBencTBO 
B (1.2.28) iipH K = ycTanoBjieno. 

Tenepb saMCTHM, hto b cHjiy (1.2.9), (1.2.10) HMeeT MecTo pasjiojKeHHe 

</>*(• - ij) = ^{ j 't>*{y - f^)4>*iy - J^)dy)(j)i- -i^)^ 

XI {j 4>*{y- lJ)'t>*{y-i^)dy)(p{--y)e 

i/eZ:supp</)*(— /insupp^*(--i/)7^0 ^ 

span{0(- - i/), 1/ G Z}. (1.2.32) 



15 



HocKOJibKy CHCTeMa 4)yHKii,HH - — I/), e Z} oSpasyeT flBOHCTBeHHtiH 
CHCieMe {(/)(■ — z/), e Z} 6a3HC Pncca b Xq (cm. Bbime), to Menflfl pojiflMH 

H 0* B (1.2.32), HaXOflHM, HTO 

0(- — n) & span{0*(- — i/), i/ e Z}, e Z, 
a, cjieflOBaTejiBHO, 

span{0(- — i/), i/ e Z} = span{0*(- — i/), i/ e Z}. 
06T3e/j,HHHa CKaaaHHoe, saKjironaeM, hto 

KexEl = {/ e Lp(K) : /" f{x)(f>*{x - u)dx = OVi/ e Z} = 

{/ e Lp(M) : / f{x)g{x)dx = OV^ e span{0*(- - i/), i/ e Z} = 
Jr 

{/ e Lp(R) : / f{x)g{x)dx = OV^ e span{0(- - z/), z/ G Z} = 
Jr 

{/ e Lp(M) : ! f{x)(t>{x - v)dx = OVi/ e Z}, 
Jr 

HTo saBepmaex bbibo^ (1.2.28) iipH k = 0. 

HaKOHeu,, yGe^HMcs b cnpaefljiHBocTH (1.2.28) iipn «; e N. HpHKHMaa bo 

BHHMaHHe, HTO — /l2'^ (/l2«) ~^ , Ha OCHOBaHHH (1.2.2), (1.2.5) H (1.2.28) 

npH K — Q nojiynaeM 

KaxEl = /i2«({/ e ^p(M) : / f{x)<f>ix - v)dx = OWu e Z}) = 

Jr 

{/i2«/ : / e ^p(K) : / f{x)(p{x - u)dx = OVi/ e Z} = 
Jr 

{/i2«/ : / e i-p(K) : / {h2'^f){x){h2'^(l){- - iy)){x)dx = OVi/ e Z} = 
Jr 

{/ e Lp(M) : / /(x)0(2«x - i/)(ix - OVz/ e Z}. 
Jr 

BBHfly nocjieflHero paBencTBa acho, hto h ocTaBnineca paBencTBa b (1.2.28) 
TaKJKe HMeiOT MecTO. 

/Ijih nojiyHeHHH (1.2.29), npHHHMaa bo BHHMaHHe, (1.2.26), (1.2.16), (1.2.17), 
a xaKJKe to o6cT05iTejibCTBo, hto Im(£' — U^) = KerU^, fljia / e I/p(M) H 
L2{R),g e Lp/(M) n L2(M) HMeeM 

/ (£;«/) • ^dx = / (UJ) -gdx^ [ (UJ) ■ {U,g + g-U,g)dx = 
Jr Jr Jr 

I {UJ) ■ U:^dx + / iUJ) ■ {g - U,g)dx = / {UJ) ■ JU^dx, 
Jr Jr Jr 
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H 



/ / • {E,g)dx = / / • {U,g)dx = [ {UJ + f - UJ) ■ {U,g)dx = 

JR JR 

/ • (t^c?^ + / (/ - UJ) ■ W^dx = [ {UJ) ■ JU^dx. 

Jr Jr Jr 

ConocTasjifla sth paBencxBa, saKjiioHaeM, hto (1.2.29) BbinojiHaeTCfl fljia 
/ e Lp{R) nL2{R),g e Lp>{R) n L2(M). 

Jins BbiBo^a (1.2.29) ^jm / G Lp{M.),g G Lp/(M) flocTaTOHHO BtiGpaxb no- 
cjieflOBaxejiBHocTb {/„ G i^p(M) n L2(M),n G N}, cxo^amyioca k / b Lp(M), 
H nocjieflOBaTejiBHOCTb {g^n G I/p'(M) n L2(M),n G N}, cxoflamyiocfl k g b 
Lpi(M.), npHMeHHTb k hhm na ocHOBaHHH flOKaaaHHoro (1.2.29), nojiyHHB pa- 

BeHCTBO 

/ (EJr,) ■ gi^dx = / /„ • {E^gn)dx, 
Jr Jr 

aaaTeM, ynHTbiBaa (1.2.20) h HepaseHCTBO Fejitflepa, nepefi™ k npe^ejiy 

B 3T0M paBBHCTBe npH n — >■ oo. 

^jifl BBiBOfla (1.2.30), HcnojiBsya (1.2.29), nojiynaeivi 

/ (Sjy-gdx = [ {{EJ)-{E,_Jj)-gdx = [ {EJ)-gdx- [ {E,-,f)-gdx = 
Jr Jr Jr Jr 

[ f-{E;^dx- [ f-'{E;:^dx= [ f-m:9)-W^))dx= I f-Wi^^dx.n 

Jr Jr Jr Jr 

Hpe^^jioaceHHe 1.2.4 

IlycTb BBinojiHeHbi ycjiOBHH iipefljiojKeHHH 1.2.3, a TaKJKe Xq C Xi h 
^Kez+ span{0(2'^ • —i'), v E 1^} iijiotho b L2(M). Tor^a hmciot mccto cootho- 
meHHfl: 

1) 

span{(/)(2'' • -I/), 1/ G Z} C span{(/)(2''+^ • -i/), i/ G Z}, G Z+; (1.2.33) 

2) npH 1 < p < oo fljia k, k' G Z+ : k' < k, BtiiiojiHaioTca paBencTBa 

E:,E^.-E^.E:, = E:,; (1.2.34) 

3) npH 1 < p < oo fljifl K, k' G Z+ coSjiiOflaiOTCfl paBencTBa 

S^Sl, = {SP, npH K = k'- 0, npH k ^ k'; (1.2.35) 

r^e = |lp(k), h npn 1 < p < oo, /«, G Z+ : k 7^ k', fljia / G Lpi^.g G 
Lp'(M) HMeex mccto paBencxBo 

/ {ej)-\e,'g)dx^^- (1.2.36) 
Jr 
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4) npH 1 < p < oo fljifl K e N co6jiK)flaiOTCfl paBencTBa 

Im SP = lmEPn Ker El_^; Ker = Im El_^ + Ker E^; 

5) npH 1 < p < oo B Lp(M.) ciipaBefljmBo paBencTBo 

/= J2£JJel,{R), (1.2.37) 

a fljia jiioGoH 4)yHKii,HH / G -L2(M) HMeex MecTO paBeHCTBO 

ll/IU.(R) = (E II^«/IIL(M))'^'- (1-2-38) 

/lOKasaTCJIbCTBO. 

IlpcjK^c Bcero b ycjiOBHsx iipc/j,jioafeHHa c yneTOM (1.2.14) HMeeM 

X, = h24Xo) C /i2^(Xi) = h24h2{Xo)) = {h2^h2)iXo) = 

/i2.+i(Xo) =X,+i. (1.2.39) 

Jlajiee, npn /i G Z b CHjiy (1.2.39), (1.2.16), (1.2.26), (1.2.19), a xaxace 
KOMnaKTHOCTH supp H supp0*, iiojiyHacM 

0(2'^ • -/x) = C/«+i0(2'^ • -/x) = £;«+i0(2'' • -fi) = 

J] 2'^+^( /" 0(2«y - /.)0*(2«+iy - i^)dy)0(2«+^ • -u) G 

i^eZ:supp(}i(2''--^)n 

span{0(2^+^ • -I/), 1/ G Z}, K G Z+, 

HTo BjieneT (1.2.33). 

yGeflHMca B cnpaBeflJiHBOCTH (1.2.34). HocKOJibKy npn k' , k G Z+ : /t' < 
K, BCJieflCTBHe (1.2.33), (1.2.27) HMeeT mbcto BKjiiOHeHHe ImE^, C ImE^, to 
fljifl npoeKTopa BBiTexaeT, hto 

^ajiee, b ycjiOBnax n. 2 npe^jiojKeHHH ^jm f G Lp(E.) naxoflHM, hto 

E^J = E:,iEU) + E^,(/ - EUl = K{EU), 

h6o BCJieflCTBHe n. 2 npefljioaceHHH 1.2.3, (1.2.28), (1.2.33) cnpaBefljiHBo co- 
OTHomeHHe 

lm{E - El) = KeYEl = 

{/ G Lp(R) : /" f{x)g{x)dx = OV^ G span{0(2'^ • -i/), i/ G Z}} C 

{/ G Lp{R) : /" f{x)g{x)dx - OV5 G span{0(2''' • -i/), i/ G Z}} = i^er£;^„ 
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H, 3HaHHT, BbinOJIHfleTCfl paBeHCTBO 

E'Af-EU) = 0. 

Hepefi^^eM k npoBepxe (1.2.35). IlycTb k, k' e n k — k'. Tor^a b CHjiy 
(1.2.34) nojiynaeM 

i^'.r = {E'J - EUEl - ElEU + {El_,f = 

-El- EU - EU + EU -El- EU - SI. 
riycTb K 7^ k'. ripeflnojioacHM, hto k' < k. Tor^a, CHOBa Hcnojitayfl 

(1.2.34) , BblBOflHM 

SX = El,El - El,_,El - El,EU + El,_,EU = 

- El> - El_, - El, + El_, = 0. 

AHajiorHHHO iipoBepaeTCH (1.2.35) iipn k' > k. 

^jifl npoBepKH (1.2.36) npH / G Lp{M.),g G Lp'(M), npHMenflfl (1.2.30), 

(1.2.35) , HaxoflHM 

/ (£«/) • {E^>g)dx = / (S^'SJ) ■ gdx = 
Jr Jr 

/ {£^,£^f ) ■ gdx = / • gdx = 0, k G Z+ : k ^ k' . 
Jr Jr 

^ajiee, conocTaBjiaa (1.2.27), (1.2.28), (1.2.33) c (1.2.3), b cooTBeTCTBHH 
c (1.2.4) nojiynaeM paBencTBa n. 4). 

/Ijih ;];oKa3aTejibCTBa (1.2.37) c ynexoM npe;];jio>KeHHH 1.1.1 noKaaceM, hto 
npH 1 < p < oo fljis / G i^p(M) HMeex Mecxo cooxHomeHHe 

||/-£^«/|lMM)^OnpH«;^oo. (1.2.40) 

CnaHajia ycxanoBHM cnpaBefljiHBOCxt (1.2.40) npnp = 2. Jl^jia f G 1/2(1^) 
H npoHSBOJiBHoro e > 0, nojitayacB njioxHOCXbio b L2(M) MHoacecxBa 

U«ez+ span{(/)(2'' ■ e Z}, 
BBiGepeM kq G h gf G span{(/)(2'*° • —v), v G Z}, fljia Koxoptix 

llZ-^IUaW < e. 

Torfla npH k> BBH^y (1.2.26), (1.2.16), (1.2.39), (1.2.20) HaxoflHM, ^xo 

11/ - ^/^/|U2(M) = 11/ - 5 + - t^^/IUaW = 

11/ - ^ + U,g - C/«/|U,(M) = 11/ - ^ + E,{g - /)|U,(m) < 

11/ - ^||l2{k) + \\E^{g - /)||L2(ffi) < Cell/ - ^||l2(k) < cge. 
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Tenepb yGe^HMCfl b cnpaBefljiHBOCTH (1.2.40) npn 1 < p < oo. HoKajKeM 
CHanajia, hto (1.2.40) HMeeT Mecro fljia jiioSoh 4)yHKii,HH / e Loo(R), HMe- 

lOmefi KOMnaKTHMH HOCHXejIb. B 3TOH CHTyaii;HH, Bt.l6HpaH B COOTBeTCTBHH 

c (1.2.21) KOMiiaKT C M TaKoii, hto supp / U supp E^f G K.k E Z_|_, h 
HciiojiBsya (1.2.20) iipnp = oo, a TaKJKe (1.2.40) iipnp = 2, ^jih iipoHSBOJiB- 
Horo e > nojiynaeM 

ii/-^«/iii(M)= / \f-{Ej)rdx^ f \f-{Ej)rdx^ 

Jk 

[ \f-^EJ)\^dx+ f \f-{EJ)Ydx< 

JxeK:\f(x)-iE^f){x)\<e J x(iK:\} (x)-{E^f)(x)\>e 

^ mes K + 



/ \j-{E^j)\^dx< 

JxGK:\fix)-{E^f)(x)\>e 

e^mesX + ||/ - (£;«/)||L(r) mes{x e K : \f{x) - {EJ){x)\ > e} < 
e^'mesX+ (||/|U^(M) + \\EJ\\L^^^)Ymes{x G : \f{x) - iEJ)ix)\ > e} < 



6^'mes/r+(||/|U^(K) + ||^«/|U^(M))^6-2 / \f{x)-{EJ){x)\'dx < 

J{x€K:\f{x)-{E.f)ix)\>e} 

e^mesK + icjWfh^^u^re-' [ \f{x) - {EJ){x)\'dx = 
e^mesX + (C7||/|U.(M))^6-2||/ - (£^«/)|lL(M) < enmesX+ (C7||/|U^(M))^) 

flJIfl K e Z+ TaKHX, HTO 

ll/-(^«/)llL(M)<e^+^ 

T.e. (1.2.40) BbinojiHfleTCfl fljia jiioSoh 4)yHKii,HH / G Loo(M), HMeioiii,eH kom- 

naKTHblH HOCHTejIb. A nOCKJIBKy MHOJKeCTBO TaKHX 4)yHKI];HH njIOTHO B Lp(U.) 

npH 1 < p < oo, TO oTciofla b CHjiy (1.2.20) saKjnonaeM, hto (1.2.40) Bepno 
fljia JI1060H / G Lp(R). 

PaBeHCTBo (1.2.37) BBH^y (1.1.1) aBjiaeTca cjie^cTBHeM cooTHomeHHa 
(1.2.40). 

HaKOHeii,, o6paiii,aflci> k Btmofly (1.2.38), aaivieTHM, hto fljia jiio6oro ko- 
HeHHoro MHOJKecTBa S C h jiioSoro naSopa 4)yHKi];HH {gi^ G Im S^,k G jS"} 

BepHO paBBHCTBO 
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B caMOM flejie, BBH^y (1.2.36) Haxo^HM, hto 



/ 12^9KgK'dx = ^Y^ / g^g^>dx^Y^ / \g^\^dx = ^\\g4\l^^^), 



OTKy^a BblBOflHM (1.2.41). 

JJ^jiz nojiyHeHHfl paBencTBa (1.2.38), b ycjiOBHsx TeopeMbi Sjiaroflapa (1.2.37) 

H (1.2.41), BblBOflHM 



k k 



i2(K) = II 1™ X^'S'^/IUaW lim II ^^k/||l2(IR) = 

K=0 K=Q 

k k oo 

lim {J2 II^./||L(M))^/' == ( lim J2 II^'^/IIL(M))'/' = (E ll^«/llL(M))'^'-° 

K=0 k;=0 k=0 

Otmcthm, hto (J)yHKii,HH H3 iipe/],jio>KeHH3 1.2.4 3Bji3eTC3 MacmxaGH- 
pyioii];eH fljia cooTBeTCTByioiii,ero KpaTHO-MacniTaSHoro anajiHsa (cm., nanpn- 
Mep, [6], [7]). 

1.3. B 3TOM nyHKxe npHBe^eM HeKoxopbie BcnoMoraxejibHtie yxBepacfle- 
HHs, Koxopbie HcnojiBsyioxca b cjieflyioiii,eM nyHKxe h ^ajiee. 
IlpH flOKaaaxejiBCXBe jieMMbi 1.3.2 Hcnojitayexcfl 
JleMMa 1.3.1 

Ilycxb d ^ N,l < p < oo. ToTjia ecjiH p^jis 4)yHKii;HH / G Lp(]R'^) nocjieflp- 
BaxejibHocxb {/„ G Lp{M.'^),n G N} cxoflHxca b Lp(R'^) k /, xo ^jih Kaac^oro 
j = 1, . . . ,d cymecxByex nocjieflOBaxejitHOCXb {n^ G N : < n^+i, /c G N} 
xaxaa, hxo hohxh fljia Bcex (xi, . . . , Xj^i, Xj+i, . . . , x^) G IR'^"-'^ noflnocjieflo- 
BaxejiBHOCXb {/„^(xi, . . . , •, Xj+i, . . . , x^). A; G N} cxoflHxca b Lp(R) k 

4)yHK^HH f(xi,... 2;<i)- 

^OKaaaxejibcxBo. 

OHKCHpoBaB j = 1, . . . ,d, B ycjiOBHflx jieMMbi, BCJie/j,cxBHe xeopeMbi Oy- 
6hhh, nojiynaeM, hxo hohxh fljia Bcex (xi, . . . , Xj+i, . . . , x^) G R'^"^ 

Xd),n G 

N, npHHafljieacHx I/p(M) h 

II/~/"IIl fRd) = / \fi^)-fn{x)\^dx ^ / / |/(xi,...,Xj-_i,Xj-,Xj+i,...,Xd)- 

JRd JRd-l JR 

—fn{xi, . . . , Xj-i, Xj, Xj+i, . . . , Xd) l^dxjdxi . . . dxj^idxj+i . . . dxd — >■ npH n — >■ oo. 
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T.e. nocjieflOBaTejibHOCTb 4)yHKii,HH {Jj[j|/(3:) — fn{x)\^dxj,n e N} cxoflHTca 
K B Li{W''~^). riosTOMy nocjieflOBaTejibHOCTb {J^ \f{x)—fn{x)\Pdxj,n G N} 
cxoflHTca K no Mepe, h, snaHHT, cymecTByeT nocjieflOBaTejiBHOCTb {rifc G N : 
rife < rife+i, /c G N} Taxaa, hto hohth fljia Bcex (xi, . . . , aj^-i, Xj+i, . . . , Xd) G 
R'^"^ nofliiocjie/j,OBaTejibHOCTb 
{/r [/(-^i) • • • ) -^i— 1) -^j) -^j+ii ■ ■ ■ 1 •^d) fuki^ii ■ ■ ■ 1 ^jj ^j+i-) ■ ■ ■ 1 X(i)\^dxj = 

. . . , Xj-i, •, Xj+i, . . . , Xd)—fnk{^l: ■ ■ ■ ■> •, Xj+i, .... '(i) [[^^(k) , A; G N} 

cxo;];htch k 0, HTO h saBepmaeT ^^OKasaTejibCTBO jieMMbi. □ 

/loKasaTejibCTBO jigmmm 1.3.2 biiojihc anajiornHHO flOKaaaTejiBCTBy coot- 

BCTCTByiomero yTBepjK^eHHH as [9], [10]. 
JleMMa 1.3.2 

HycTb d G N, 1 < p < oo. Tor^a 

1) npn j = l,...,d jiJis jiio6oro nenpepbiBHoro jiHHefiHoro oiicpaTO- 
pa T : Lp(M) i— )■ Lp(]R) cymecTByex e/],HHCTBeHHbm HeiipepbiBHbiii jiHHeil- 
Hbiii onepaxop T-' : Lp(R'^) i— )■ Lp(]R''), ^jih Koxoporo ^jih jiioGoh (jDyHKLi,HH 
/ G LpiW^) noHTH fljifl Bcex (xi, . . . , xj-i, xj+i, . . . , xa) G W^~^ b I/p(R) bbi- 
nojiHfleTCfl paBencTBO 

(1.3.1) 

2) npH 3T0M, fljifl KajKfloro j — l,...,d OTo6pajKeHHe Vj ^, KOTopoe 
KajKflOMy onepaxopy T G B{Lp(M), Lp{M.)) cxaBHx b cooxBexcxBHe onepa- 
xop Vj^^iT) = V G B{Lp{W^),Lp{W^)), y^^oBjiexBopjiioniHH (1.3.1), HBjiJiex- 
CH nenpepbiBHbiM roMOMop4)H3MOM GanaxoBOH ajireGpti B{Lp{M.), Lp{E.)) b 
GanaxoBy ajire6py B{Lp{M.'^), Lp{W^)), n 

ll^-^''(^)lls(Lp(Md),Lp(Rd)) < ||r||s(Lp(R),Lp(R)), (1.3.2) 

3) npHH^M, fljifl jiioSbix onepaxopoB S,T & B{Lp{R), Lp{R)) npn jiioGbix 
i,j — l,...,d:i^j, coSjiiOflaexcfl paBencxBO 

(y.^-(5)v/''(T))/ = {V^'''{T)v/'''{S))fJe Lp{R''). (1.3.3) 

/loKasaxe jibcxBO . 

OnKcnpyeM j = 1, . . . , h paccMOxpnM jiHHeiiHoe iio^iipocxpancxBO L^(R°'), 
cocxoHmee hs xex (|)yHKn,Hil / G Lp(M°'), fljia Koxopbix npn neKOxopoM 
n G N cyni,ecxByK)x naSopbi 4)yHKn;HH {0j G Lp{M.^~^),i — l,...,n} n 
G Lp(M.),i — 1, . . . ,n} xaxne, hxo b Lp(W^) BbinojiHaexcfl paBencxBO 

n 

f{xi, . . . , Xj-i, Xj, Xj^i, . . . , Xd) — (l>i{xi, . . . , Xj^i, Xj^i, . . . , Xci)lpi{Xj), 

i=l 

(1.3.4) 
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H, cjieflOBaTejibHO, BBH^y TeopeMbi OySnnH, hohth fljia Bcex (xi, . . . , xj-i, Xj+i, . . . , Xd) £ 
R'^""^ B Lp(R) coSjiioflaeTCfl paBencTBO 

n 

/(Xl, . . . , Xj-i, •, Xj+i, . . . , Xd) = <Pi{^lj ■ ■ ■ ■> ^j-lj ^j+lj ■ ■ ■ ■> 

i=l 

(1.3.5) 

HycTB T : Lp(R) i— )> Lp(M) - HenpepbiBKbiH jiHHeiiHbiH onepaTop. Torp^a 
KayKfl^ofL 4)yHKii;HH / G L^(M'^), ;];ji5i KOTopofl b Lp{M.'^) HMeex mccto (1.3.4), 
conocTaBHM 4)yHKri,HK) T-'/ G LpiW^), oiipe^ejiaeMyio b Lp(M'^) paBencTBOM 

n 

{Vf){xi, . . . ...,Xd) = ^0i(a;i, . . . , x^-i, x^+i, . . . ,Xd){Ti)i){xj). 

1=1 

Ha SToro paBencTBa, npHHHMaH bo BHHMaHHe Teopeiviy OySnHH, jiHHeii- 
HOCTb onepaTopa T h (1.3.5), nojiynaeM, hto hohth jijis Bcex 
(xi, . . . , Xj+i, . . . , Xd) G M''"^ B Lp(M.) cnpaBefljiHBo paBencTBo 

{T''' f){x\, ■ ■ ■ , Xj^i, ■, Xj+i, . . . , Xd) — 

n 

(j)i{xi, Xj-i, Xj+i, Xd){Tipi){-) = 

i=l 

n 

(^(X] • ■ ■ ' ^3+'^^ • • • ' ^d)V'i(-)))(-) = 

i=l 

(T/(a;i, . . . , •, Xj+i, Xd)){-), 

HTo coBna^aex c (1.3.1). 

Ha nocjieflHero paBencTBa, b nacTHOCTH, BbiTexaeT, hto npHBe^eHHoe bbi- 
me onpeflejieHHe 4)yHKii;HH f fljia 4)yHKii,HH / G L^p{W^) ne saBHCHT ot 
BbiGopa npeflCTaBjieHHs (1.3.4). 

5IcHO, HTO nocTpoeHHoe OTo6pa>KeHHe T-* : L^(R'^) i— > Lp(R°') - jiHHefiHO, 
H /],jiH / G L^(R'^), 6jiaroflapH xeopeMe Oy6HHH, cooxHomeHHio (1.3.1) h 
HenpepbiBHOCTH oiieparopa T, HMeeM 

= / IIC7"V)(2^i, ■ ■ ■ , a;^--!, Xj+i, Xd)\\l i^)dxi . . . dxj^idxj+i ...dxd 

= / \\Tf{xi, . . .,Xj^i, ■,Xj+i, . . . ,Xd)\\ljT^)dxi . ..dxj^idxj+i ...dxd 
< / (II^IMI/(a^i> • ■ ■ > •> ■ ■ ■ , 3;d) ||Lp(K))^c?a;i . . . dxj_idxj+i ...dxd 

jRd-l 
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HJIH 

||rVllMM^)<l|r||-||/||MM<^). (1.3.6) 

^ajiee, saivieTHM, hto HOCKOJibKy LPpiW^) coflepacHT Bciofly HjioTHoe b 
Lp(R'^) no;];npocTpaHCTBO, flBjifliomeeca jiHHeiiHOH oSojio^koh 4)yHKn;HH bh- 

Yik=i^i^k''Xk{xk)), rfl<e Xk - xapaKTepHCTHHecKaH 4)yHKn;HH neKOToporo 
HHTepnajia (— 5fc, Sk) C M, (5fc > 0, \k € k = 1, . . . ,d, to noflnpocTpancTBo 
L^(M'^) - Bciofly HjiOTHO B Lp{R'^). 

IlpHHHMaa BO BHHMaHHe 3T0 oScTOflTejibCTBO, fljifl KascflOH 4)yHKH;HH / e 
Lp(R'') Bi>i6epeM iiocjie^oBaTejiBHOCTB 4)yHKn;HH {/„ e L^(M'^),n e N}, cxo- 

^^HmyiOCJI B LpiM.'^) K /, H, HOJIBSyflCB TBM, HTO B CHJiy (1.3.6) HpH n, m G N 

HMeex MecTo oii,eHKa 

WT'^fn — T'-'/m||Lp(]Rd) < llT^H • ||/n — /m||Lp(]Rrf), 

a, cjieflOBaTejiBHO, HocjieflOBaTejitHOCTb {T^ fn, n e N} - (JjyHflaMeHTajiBHa 
B GanaxoBOM HpocTpancTBe Lp{W^), hojio2chm 

rV= lim rVnBL,(M'^). (1.3.7) 

Ha (1.3.6) BbiTexaeT, hto OHpeflejiaeMoe nocpeflCTBOM (1.3.7) sHaneHne 
T^f, He saBHCHT OT BL.i6opa HocjieflOBaTejibHOCTH {fn e L^p{R'^),n e N}, 
cxoflsmettca k / b Lp(M'^). 

SaflaHHoe xaKHM o6pa30M OTo6paaceHHe : Lp(M'^) Lp(R''), b cHjiy 
jiHHeiiHOCTH 7^^ Ha L^(R'^) h cooTHomenHa (1.3.7), - Taicace jiHHeiiHO. 

H3 coGjiHDfleHHJi HepaBencTBa (1.3.6) j^jis f G L^(R'^) h paBencxBa (1.3.7) 
cjie;];yeT, hto (1.3.6) HMeeT mccto jijis f G Lp(M'^). TeM caMbiM, T-' : Lp{W^) i— >■ 
Lp(R'^) - HeiipepbiBMbiii oiiepaTop. 

ripoBepHM cnpaBe^jiHBocTb (1.3.1) / G Lp(R'^). ^jih 3Toro, bbiSh- 
paa fljifl / G I'p(K'^) HocjieflOBaTejiBHOCTb {/„ G L^(R''),n G N}, cxo^a- 
Hi,yiocfl K / B Lp(R''), BBHfly (1.3.1) ^jih xaacfloro n G N hohth ^jia Bcex 
{xi, . . . , Xj-i, Xj+i, . . . , Xd) G R*^"^ B Lp(R) HMeeM paBencTBO 

(1.3.8) 

OTKy;];a nojiynaeM, hto hohth p^jis Bcex (xi, . . . , Xj-i, Xj+i, . . . , Xd) G R"' 
fljia Bcex n G N B Lp(R) HMeex Mecxo (1.3.8). 

yHHXbiBas (1.3.7), iiepexofla na ocHOBannn jieMMbi 1.3.1 k cooxBexcxBy- 
iOHi,eH HocjieflOBaxejibHocxH {uk G N,k G N}, saKjHonaeM, hxo hohxh fljia 
Bcex {xi, . . . , Xj-i, Xj+i, . . . , Xd) G R*^"-*^ B Lp(R) BbmojiHaexca pabencxBO 

{T^f){Xi, Xj_i, •, Xj+i, ...,Xd)= lim {VfnJiXi, Xj_i, •, Xj+i, ...,Xd), 

fc— ^-oo 

(1.3.9) 
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a TaKsce hohth fljia Bcex {xi, . . . , xj-i, Xj+i, . . . , Xd) £ W''^^ noflnocjieflo- 

BaTejIbHOCTb {fni^{xi, . . . ,Xj^i, - jXj+i, . . . ,Xd),k e N} CXOflHTCfl B Lp(R) K 

f{xi, . . . , Xj-i, ■, Xj^i, . . . , Xii), H, cjie;];oBaTejibHO, b CHjiy nenpepBiBHOCTH one- 
paTopa T : Lp{R) i— )■ Lp(]R) iiohth ^jm Bcex (xi, . . . , x^-i, Xj+i, . . . , x^) G 
R'^"^ B Lp(M) cnpaBefljiHBO paBCHCTBO 

{Tf{xi, Xj^i, ■, Xj+i, Xd)){-) = lim {Tfn^{xi, Xj^i, ■, Xj+i, Xd)){-). 

fc— >-oo 

(1.3.10) 

Coejiimss (1.3.8), (1.3.9) h (1.3.10), npnxo^^HM k Bhmopy, hto j^jia f G 
LpiW'-) iioHTH fljia Bcex {xi, . . . ,Xj-i,Xj+i, . . . ,Xd) G M"'""^ b Lp(M) HMeex 
MecTO (1.3.1). 

ripH j — l,...,d fljifl onepaTopoB S,T & B(Lp(R), Lp(R)), 4)yHKii;HH 
/ G Lp(R'^) noHTH fljifl Bcex (xi, . . . , x^+i, . . . , x^) G R*^"-*- b I/p(R), 
corjiacHO (1.3.1) HMeeM 

{Vj{S + T)f){xi, . . . ,Xj-i,-,Xj+i, . . . ,Xd) = 

{{S + T)f{xi,...,Xj^i,-,Xj+i,...,Xd)){-) = 
{Sf{xi, . . .,Xj_i, ■,Xj+i, . . .,Xd))i-) + {Tf\xi, . . .,Xj_i, ■,Xj+i, . . .,Xd))i-) 
iyjiS)f){xi, Xj-i, •, Xj+i, . . . , Xd) + {Vj{T)f){xi, Xj-i, -, Xj+i, ...,Xd), 

a nosTOMy 

V,{S + T)f = V,{S)f + V,{T)f 

H 

{Vj{ST)f){xi, . . .,Xj^i, ■,Xj+i, ...,Xd) = 

{{ST)f{xi, . . . , Xj^i, ■,Xj+i, Xd)){-) = 
{S{Tf{xi, Xj-i, •, Xj+i, . . . , Xd)))i-) = 
{S{Vj{T)f){xi, . . . , Xj-i, -, Xj+i, Xd)){-) = 
{Vj{S)iVjiT)f)){x,, . . . ■,xj+,, ...,Xd)^ 

{{Vj{S)Vj{T))f){x,,...,xj-,,.,Xj+i, 

HepaBeHCTBO (1.3.2) cjiepyeT h3 (1.3.6). 

Hepexofla k flOKasaxejibCTBy (1.3.3), saMexHM, hto npn j = 1, 
J11060H 4)yHKn;HH / BH^a 

d 

f{x) = n •^^(^^)' e Lp{R), k = l,...,d, 

k=l 



...,Xd). 

. . . ,d fljis 
(1.3.11) 
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noHTH fljifl Bcex {xi, . . . , Xj-i, xj+i, . . . , xa) G R'' ^ b Lp(R) BbinojiHaeTCfl 
paBencTBO 

iyiiT)f){xi, . . .,Xj_i, -.Xj+i, ...,Xd) = 

TO(-) n fkM)){-) ^ {T{fM-) n /^(^^)' 

{k=l,...,d:k^j} {k=l,...,d:kytj} 

H, cjieflOBaTejiBHO, 

{VAT)f){x) = (T(/,))(a;,) J] M^^)' 

{k=l,...,d:kj^j} 

B CHJiy Tex ace coo5pajKCHHH, hto h Bbime, npn i,j = l,...,d : i 7^ 
j', noHTH fljia Bcex (xi, . . . , Xj+i, . . . , G R'^"^ b Lp{R) cnpaBefljiHBO 

paBBHCTBO 

{{Vi{S)Vj{T))f){xi, Xi_i, ■, Xi+i, ...,Xd)^ 

{S{Vj{T)f){xi, . . . , Xi-i, •, Xi+i, . . . , Xd)){-) = 

{k=l,...,d:ky^i,j} {k=l,...,d:k^i,j} 

H, 3HaHHT, 

((y,(5)V,(T))/)(a;) = {Simx.mm^,) H Ux,). 

{k=l,...,d:k^i,j} 

ToHHo TaK >Ke 

{{Vj{TMS))f){x) = {S{mx,){T{fj)){xj) n /^(^^)- 

{fe=l,...,ci:fc^i,j} 

TaKHM o6pa30M, paBencTBO (1.3.3) cnpaBefljiHBO fljia jnojioii 4)yHKi];HH / 
BHfla (1.3.11). Bbh^y jiHHeflHocTH onepaTopoB Vi{S),Vj{T) OTCiOfla cjie^y- 

eT, HTo paBeHCTBo (1.3.3) co6jiio;];aeTCH j^jis J11060H jiHHeHHoii KOM6HHaii;HH 
TaKHX 4)yHKii,H. Ha ocHOBaHHH CKasaHHoro, yHHTBiBaa njioTHOCTb B Lp{M.'^) 
jiHHettHOH 060J10HKH Bcex 4)yHKii,Hii BH^a (1.3.11) h nenpepbiBHocTb b LpiW^) 
onepaTopoB Vi{S) h Vj{T), saKjiiOHaeM, ^to (1.3.3) BbmojinaeTca fljia jiio- 

6OH 4)yHKII,HH / e Lp(M.'^). IIjIOTHOCTb B LpiW^) JIHHeHHOH 06OJIOHKH BCCX 

cj:)yiiKii;HH BH^a (1.3.11) cjie^yeT h3 Toro, hto ona coflepacHT Bce 4)yHKii,HH 
BHfla 

a\x^x{x), 
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r^e ax e C, A e Z^(Z),Z e Z'^,x^ — ^ . . . x^'* , x - xapaKTepncTHHecKaa 
4)yHKi];Hfl HeKOToporo Ky6a(5S'', 5 e R+. □ 

SaMenaHHe. 

EcjiH iipH d e N.l < p,q < oo, oiiepaTop T G i3(Lp(R), Lp(]R)) fl 
-B(Lg(M),L<j(M)), TO iipH J = l,...,d fljia / G LplM'^) n L<j(M'^) ciipaBefl- 
JIHBO paseHCTBO 

{y^^T)f — {y^'^T)f. riosTOMy chmbojim Lp, Lq B KanecTBe HH^eKCOB y Vj 
MOJKHO onycKaTb. 

1.4. B 3T0M nyHKTe flaeTca onncaHHe cbohctb onepaTopoB npoeKTHpoBa- 
HHfl Ha noflnpocTpancTBa BcnjiecKOB, cooTBeTCTByiomHe KpaTHO-MacniTaSHOMy 

anajiHsy, nopo>K;];eHHOMy TensopHbiM npoH3Be;];eHHeM orpaHHHeHHbix cJdhhht- 
Hbix 4)yHKn;HH, h ^pyrax iipoeKTopoB, KOTopbie HcnojiBsyiOTca b n. 2.2. npn 
flOKaaaxejibCTBe ochobhbix peayjibxaTOB paGoxbi. 
HpefljioafeHHe 1.4.1 

riycTb d e N H npH j — 1, . . . ,d 4)yHKi];HH 0j, 0* yflOBjiexBopfliOT ycjiOBH- 
flM npefljioaceHHfl 1.2.2, a = 11^=1 = 11^=1 ^ l^*^- 

Tor;];a npn l<p<oo,«;GZ^ cnpaBefljiHBbi cjieflyioiii,He yTBepacfleHHa: 

1) onepaTopbi 

E'. = \L,m, = ^S'*^^* U,(M),i = 1, . . . , rf, 

CB33aHbI paBCHCTBOM 

i=i 

2) fljia jiHHettHbix onepaTopoB 

El : L.iW') ^ Lp(R'^), 

:Lp(R)^Lp(R),j = l,...,d, 

onpeflejiaeMbix cooTHonieHHflMH 

= I Lp(R) , i = 1 , ■ ■ ■ , 

HMeeT MecTO paBencTBO 
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^OKaaaTejibCTBO . 

HanneM c flOKaaaTejibCTsa nepBoro yTsepjKfleHHfl. JJ^Jis sxoro b ycjioBHHx 
npe;];jio>KeHHH CHanajia noKajKCM, hto npn 1 < p < oo, k E Z'J_ fljiH jihd6o- 
ro HeiiyToro MHOJKecTBa J C {1,. . . ,d}, fljiH jiio6oh 4)yHKLi,HH / G Lp(R'^) 
TaKOH, HTO cymecTByeT 6 G M^|_, fljia Koxoporo / = iiohth Bcio^y na mho- 
jKecTBe {x eW'' : x"^ ^ {SB^Y}, HMeeT mccto paBencTBO 

(/ fi^xj' + yxj)- 

([l<l>*{2^^yj - uj))dy'){l[<l^j(2^^xj - uj)), (1.4.3) 
jeJ jeJ 

rfle J' = {1,...,4\ J. 

^OKasaxejibCTBO (1.4.3) npoBc^cM no HH^yKn;HH oTHocHxejibHo cardJ. 
HpH cardJ = 1, x.e. p^jis J = {j},j G {l....,d}, ^jih / G Lp(R'^) xa- 

KOH, HXO npH HCKOXOpOM 6 G ]R^f_ SHaneHHe (jDyHKII,HH f{x) = nOHXH 

fljifl Bcex X & : Xj ^ ^jB^, BBH^y (1.3.1), (1.2.19) hohxh fljia Bcex 
{xi, . . . , Xj-i, Xj+i, . . . , Xd) G W'"^ HMeeM 

E 2''' ( / /(^i' • • • ' ^^i-i, . . . , Xd)(l)*{2^^yj - i^j)dyj ) 0^(2"^ • -z/^) = 



E^^'l / f{xi,...,Xj_i,yj,Xj+i,...,Xd)- 

(5,- fii )nsupp (2''j -I/,- ) 



0*(2«.t/, -i/,)(i|/,j0,(2''^ --i/.O^ 
V 2"^ I / /(a;i,...,a;j_i,|/j,a;j+i,...,a;d)- 

, \^(5,Bi)nsupp(/)*(2''j— i/j) 



.,GZ:(5,Bl)n \^(5..Bl)nsupp,^*(2'^.-., 
(supp0*(2''j-j/3))^0 



K2-.|/,-^,)rf|/,^0,(2---i/,), 
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OTKy^a 



{snpp CP* {2^ 



<l>p^^yj - uj)dyjj <f>j{2^^xj - uj), (1.4.4) 

HTO coBnaflaeT c (1.4.3) b cjiynae card J = 1. 

npe;];nojio>KHM, hto paBencTBO (1.4.3) cnpaBe;];jiHBO jiJis jiio6oro mhojkc- 
CTBa J G {1, . . . ,d} : card J = m < d — 1. HpoBepHM, hto xor^a oho hmcct 
MecTO fljifl jiio6oro MHoacecTBa J C {1, . . . : cardjT = m + 1. Hpe/],- 
CTaBjiflfl TaKoe MHoacecTBO b bh^b ^7 = {i) U J, r^e card J — rriji ^ J, fljia 
4)yHKii,HH / e LpiM!^) TaKofi, hto cymecxByex S G M!^, fljia KOToporo / = 
noHTH BCK);];y na MHOxcecTBC {x G : x'^ ^ (55'^)'^}, na ocHOBaHHH (1.3.3) 

H npe^IIOJIOJKCHHH HH/],yKLI,HH, yHHTBIBaS, HTO {x & M.'^ : X"^ ^ {6B'^)'^} C 

{x G M'' : x-^ ^ {6B''-y}, iiojiynaeM 

((11 vAE^;D)f)i^) = ((^^(^^f))((n^^(^4'))/))(^) = 

((^^(^S'))( E 2(«^'^^)(/ /(^^x.'+yx.)- 

{l[(l>*{2-^y,-u,)dy'){l[(l>j{2'^^u, - i.,))))(x) = 
jeJ jeJ 

I, J e (Zd ) J : (supp </-* (2"^ — i/j ) ) n (5j B 1 ) 5^0 J G J 

miE^mif fiuxj'+yxj)- 

J i6B'iynU,^j{snppcf>*i2''j -uj)) 

([[^f{¥J^;^dy'){l[<l>,{2'^^u, - i^Mi^)- (1-4-5) 
Tenepb, ynHTbiBaa, hto 

BH^HM, HTO f{u) = IIOHTH flJI3 BCCX U & : Ui ^ {6iB^), a, CJie^OBaxejIBHO, 

fljifl i/"^ G {Z'^y : {2-'^Wj + 2-'^^ SUPP0*) n {SjB^) 7^ 0,i G J, hohth fljia Bcex 
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u e : Ui ^ {5iB^), BbinojiHfleTCfl paseHCTBO 

( / f{uxj'+yxj)- 

jeJ ^ jeJ 

HosTOMy, o6o3HaHaa J'' = {1, . . . , d}\J', corjiacHo (1-4.4) c yneTOM TeopeMbi 
OySHHH HaxoflHM, HTO fljifl u"^ G {Z'^Y : (supp (j)*{2'^^ ■ -i^j)) n (SjB^) 7^ 0, j G 
J, cnpaBefljiHBO paBencTBO 

J (^B'i ) nn, g J (supp (2-^^ -z., )) 

jeJ jeJ 

i/ieZ:(<5iBi)n(supp 4>*i2'^i—Pi))yt<D 
(/ (( / /(2;X>7' + Z/iei + 2/Xj)- 

i/ieZ:(5iBi)n(supp </.*(2«< — i/i))7^0 

(/ f{xxj' + yiei + yxj)- 

7(<5iBi) X (<5Bd) Jn(supp 0|(2'^i -i/i)) xn,g j(supp (2"^^- -i^,)) 

(n0*(2«.y,- - i^,))0*(2«^y, - Ui)dy''dy,)([[ct>p-^x^ - i/,))0,(2«^x, - v,), 
jeJ jeJ 

(1.4.6) 

r^e ei = (0, ...,0, 1^,0, ...,0). 
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HoflCTaBjiafl (1.4.6) b (1.4.5), npnxoflHM k (1.4.3) c J BMecTO J 

j^J u-'eiZdy:{suppct,*{2''j—i^j))n{SjB^)j^$,jeJ 



j€ J;(<5iBi)n(supp (2«i -i/i))^0 

^6iBi)x(<5B'*)-^n(supp</.*(2-» -iyi))x + + 

njgj(supp</.*(2"j-j.j)) 

(J] 0*(2«.|/,- - z/,))0*(2«^t/, - Ui)dy'dyi 

je.J 

j&J v^£{'L<^y: (supp 0* (2"^ — !/j ) ) n 

/ fi^xj' + yxj)' 



TeM caMbiM ciipaBe;j,jiHBOCTb (1.4.3) fljiH iipoHSBOjibHoro HeiiycToro J 
{1, . . . , (i} ycxaHOBjiena. B HacTHocra, ripn J = {1, . . . , o?} h3 (1.4.3) nojiy^ 
eM, HTO fljifl jiioSoii 4)yHKii,HH / e Lp(M'^) TaKoii, hto npn neKOTopoM 5 e ^ 



c 

nojiyna- 
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4)yHKii;Hfl / pasHa hohth BCiOfly na \ {5B'^), coSjiiOflaeTCfl paseHCTBO 



j=l i/eZd:(supp0*(2''j— !/j))n(<5jBi)7^0j = l,...,d 

d d 



„ d d 

^g^d -'{5B'*)nn,li(supp^*(2'^^-z.,)) ^.^1 ^-=1 

E 2^"''^( / /(y)0*(2«t/-i/)cit/)0(2''x - I/) = {EPJ){x) (cm. (1.2.19)). 

Ha nocjieflHero paBencTBa b cHjiy nenpepbiBHOCTH b LpiW^) Bxo;];jiiri;Hx b Hero 
onepaTopoB h hjiothocth b Lp{M.'^) MHOxcecTBa (]:)yHKii,HH / G Lp(M'^), fljia 

KOTOpblX / = fXSB'l IIPII HCKOTOpOM G M!j_, BBITeKaCT (1.4.1). 

Tenepb upoBepHM Bropoe yTBep>K/j,eHHe. HcnojiBsys (1.4.1), (1.3.3) h n. 
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2 jieMMbi 1.3.2, HMeeM 

6eTd:/(e)c/(K) 6eTd:/(6)c/(«) .7=1 J=l 

6eTd:/(e)c/(K) j=l,...,d:j^J{K) jef{K) 

= E ( n n = 

=( n ^^-(^0^)) E ( n = 

J=l,...,d:i^/(«) e6T'':/(e)c/(/c) ie/(K) 

= ( n n ( E = 

j=l,...,d:j^/(K) iG/(K) ei=0,l 

j=i,...,d:i^/(K) ie/W 

i=l,...,d:i^/(K) ie/(K) 

npe/j,jio>KeHHe 1.4.2 

IlycTb (i e N H npH j = l,...,d ^jih (|)yHKii,Hii 0^,0* co6jiio/],aiOTca 
ycjiOBHfl npefljioJKeHHfl 1.2.4, a (|)yHKii;HH 0,0* saflaiOTCfl paBeHCTsaMH 

j=i j=i 

Torfla npH k G Z^, 1 < p < oo HMeiOT MecTO cjieflyioii],He yTBepjKfleHHfl: 

1) onepaTop — E'^''^* \l (Rd) flBjiaeTCfl npoeKTopoM b npocTpancTBe 

2) fljia jiioGoH (|)yHKii,HH / G Lp(R'^) ciipaBe;];jiHBO cooTHomeHHe 

11/ - ^^/I|l,(m<*) ^ OnpH m(/^) ^ oo; (1.4.7) 

3) fljifl / e Lp(R''),g' e Lp/(]R'^) BbinojiHfliOTCfl paBencTBa 

/ {EJ) ■gdx= [ / • O^dx; (1.4.8) 

H 

/ (£:,/) • ^dx = / / • (E^^^dx; (1.4.9) 
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4) fljifl k' e coSjiiOflaiOTca paBencTBa 

I U, npH K 7^ K . 

^OKaaaTejibCTBO . 

ripoBepfla iicpBoc yTBepjKfleHne npefljioacennfl, na ocHOBaHHH (1.4.1), (1.3.3), 
n. 2 jieMMMbi 1.3.2 h (1.2.34) HMeeM 

d d d 

j=i j=\ j=i 

d d 

T.e. nepBoe yTBepjKfleHne Bepno. 

^jifl BBiBOfla (1.4.7) noHafloSflTca HeKOToptie 4)aKTi>i. Hpeacfle Bcero 3a- 

MBTHM, HTO 

span{0(2'' ■ -z/), z/ e Z"*} C ImEP. (1.4.11) 
B caMOM flejie, nojiBsyflci. (1.2.19), npn i/ e Z'^ nojiynaeM 

(S^(0(2''-i/)))(x) = ^ 2(«'^)( / cl>{2^y-iy)'^^{¥^^dy)cl>{2'^x-iy'). 

A nocKOJiBKy fljia i/, i/' e Z*^ b CHjiy (1.2.8) h TeopeMbi OySnHH 
/ (j){2''y - i^)(j)*{2^y - v')dy = 2-^"^''^ I (i){y - v)(j)*{y - v')dy ^ 



„ d d 

d „ 

,=1 



2 iipn z/' = i/; 

0, npH i/' 7^ z/. 



TO 

(£;^(0(2'^ . -^)))(x) = 0(2'^x - i.), e Z'^. 

OTCiOfla B CHjiy jiHHeiiHOCTH oneparopa BbiTexaeT (1.4.11). 

^ajiee, noKaaceM, hto npn k,k' & Z^ : k' < k, HMeeT MecTO BKjiiOHeHHe 

span{0(2''' • -z/'), i^' G Z*^} C span{0(2'^ ■ -z/), z/ G Z'^}. (1.4.12) 
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^eficTBHTejibHO, BBHfly (1.2.33) npn k' < k,v' ^ Z*^ HMeeM 

d d 

span{0(2''- -!/),!/ e Z'^}. 

OTCiofla cjieflyeT (1.4.12). 
HpoBepHM eii],e, hto 

U^gzdspan{0(2'^ ■-//), z/ e Z"^} = span{0(2''--j/), j/ e Z"', k e Z^j.}. (1.4.13) 

5ICH0, HTO 

U^ggd span{0(2'' • -i/), i/ e Z"'} C span{(/)(2'' • -i/), i/ G Z"^, k G Z^j.}. 

YcTaHOEHM o6paTHoe BKjiioHeHHe. IlycTb / G span{0(2'' ■ — z^),z^ G Z'^,«; G 
Z^}, T.e. / = YZ.\ c>(2^' • -z/^), r^e G C, G Z'^, z/* G Z"', i = 1, . . . , m. 
HojiojKHM = maxj=i^..._m /tj- G = l,...,c?. Torfla, ynHTbiBaa, hto 

6jiaroflapa (1.4.12), ^jia i = 1, . . . ,m cnpaBefljiHBO BKjiiOHeHHe 

0(2«' . -u') G span{0(2'^' ■ e Z'^} C spaii{0(2'^ • -i/), i/ G Z^}, 

BHflHM, HTO / G span{(/)(2'^ • -z/), z/ G Z'^}, a, cjieflOBaTejiBHo, BbinojinaeTca 
(1.4.13). 

Tenepb noKajKeM no HH^yKi^HH OTHOCHTejiBHO d, hto 

closei^(Kd) span{0(2'^ • -z/), z/ G Z'^, k G Zjj.} = Lp(R'^). (1.4.14) 

HpH d = 1 B cHjiy (1.2.40), (1.2.27) paBencTBo (1.4.14) BbinojiHaeTCfl. 
npe;];nojiojKHM, hto (1.4.14) cnpaBefljiHBO npn d—1 BMecTo d. H npeflnojio- 

JKHM, HTO 

closei^(Kd) span{0(2'' ■ e Z'^, k e Z%} ^ Lp(R'^). 

Torfla Ha ocHOBaHHH oflHoro h3 cjie/],CTBHH hs TeopeMti Xana-Banaxa cy- 
mecTByeT HenyjieBOH HenpepBiBHbiii jiHHefiHbiH 4)yHKi];H0Haji na Lp(R'^), an- 
HyjiHpyiomHH close £,p(]Kd) span{0(2'^ • —v)^v G Z'^, k G Z^}. ynHTbiBas, hto 
(Lp(R'^))* = Lp/(]R'^), saKjiiOHaeM, hto cymecTByeT 4)yHKii,Hfl g G Lp/(]R'^), 
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OTjiHHHaa OT Ha MHOJKecTBe nojioJKHTejibHOH Mepbi, TaKOfl, HTO npH K e 
Z^, V BepHO paBeHCTBO 



/ 0(2'^ • -z/)c/cix = 0. 



riosTOMy no xeopeMe OyGnnH iipn Kaac^oM (ki, . . . , K^-i) G \ (i/i, . . . , t'd-i) ^ 
Z*^"^ fljia jiioGbix e Z_|_ H z/rf G Z coGjiioflaeTca paBencTBO 



0= / (j){2^ ■ -p)gdx = / {f[(j)j{2^^Xj - i^j))g{x)dx = 

/ / (TT - ■ ■ ■ , Xd-i,Xd)dxi . . . dxa-idxa = 

„ „ d—1 

/ 0d(2''''xd-i/d)( / (]T0j(2''^xj-z/j))5((xi,...,Xd_i,Xd)dxi...dxd_i)dxd. 

Jr JRd-i J-J[ 

H3 SToro paBencTBa, npHHHMaa bo BKHManne co6jiio/j,eHHe (1.4.14) npn d = 1, 
a TaKJKe BRjnoHenne 



( / (TT - ^j))9{xi, Xd-i,Xd)dxi . . . dxd-i) e Lp, 

3aKjiiOHaeM, hto npn KajK^OM (ni, . . . , Hd-i) G 7^"^^ , (ui, ... ,1/^,-1) G Z*^"-*^ 
fljifl J11060H 4)yHKii,HH / G Lp(E.) HMeeT mbcto paBencTBO 



d-l 



/ fixd){ (n^ji'^'^'^j ~^3))9i^i^---^^d-i,Xd)dxi...dxd-i)dxd^0, 
Jr jRd-i jJi 

H, 3HaHHT, npH KaJKflOM (ki, . . . , Kd-l) G Z^~^, (i^i, . . . , G Z'^""^ nOHTH 

fljifl Bcex G M co6jiioflaeTCfl paBencTBO 

/ (TT ^ji'^'^'^j - ^j))9{xi, ^d-i, Xd)dxi . . . dxd-i = 0. 

Hs cKaaaHHoro BbixeKaex, hto hohth fljia Bcex G IR npn jiioSbix (ki, . . . , Kd-i) G 
Z!|r^, (i^i, . . . , Ud-i) G Z*^"^ BbinojiHaeTCfl paBencTBO 



d-l 

/ (n'^i(2'^^- 



d-l 

^^Xj - Uj))g{xi, Xd-i, Xd)dxi . . . dxd-i = 0. 
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yHHTMBaa, HTO B cooTBeTCTBHH c npeflHOJioaceHHeM HHflyKi];HH coSjiiOfla- 
eTCfl (1.4.14) c d — 1 BMecTo d, kok h Bbime, npiixo^nM k BbiBO^y, hto hohth 
fljifl Bcex e M fljifl J11060H 4)yHKii,HH / e Lp(]R'^~^) Bepno paBencTBO 




f{xi, Xd-i)g{xi, Xd-i, Xd)dxi . . . dxd-i = 0, 



a, cjieflOBaTejibHO, iiohth ^jih Bcex a;^ G M iiohth Bciofly b W^~^ HMeex mccto 
paBencTBO g{xi, . . . ,Xd-i,X(i) = 0, hjih g{x) = hohth Bcio^y b M.'^, hto 
npoTHBopeHHT BbiSopy g. Tbm caMbiM, ycTanoBjiena cnpaBefljiHBOCTb (1.4.14) 
npH J11060M d. 

Ilepexo^^H K BL.iBo;];y (1.4.7), fl^Jis f € Lp(M'^) h npoHSBOJitHoro e > b 
CHjiy (1.4.14) Bt>i6epeM 4)yHKii,Hio 

g e span{0(2'' ■ e Z'^, k e Z^}, 

flJI3 KOTOpOH 

11/ - ^IIlp(M'') < e- 
CorjiacHo (1.4.13) cymecTByex k!^ G Taxoe, hto 

g G span{0(2'^° • -i/),i/ G Z'^}. 

Tor^a, saMenaH, hto fljia k G Z^|_ : k > k^, BCJieflcxBHe (1.4.12) HMeex Mecxo 
BKjiiOHeHHe g G span{0(2'*- —i'), v G Z''}, h npHHHMaa bo BHHMaHne (1.4.11), 
xox 4)aKx, Hxo - npoeKxop, a xaioKe (1.2.20), fljia k G Z^ : m(«;) > 9Jt(«;°), 
nojiynaeM 

11/ - = 11/ - ^ + - i?^/|U^(M.) = 

11/ - ^? + Elg - i?^/|U,(M.) < 11/ - + \\El{g - /)|U,(m.) < 

11/ - 5||lp(R<*) + Cl||c/ - /||Lj,(R<i) = (1 + Cl)||/ - g\\L^{W^) < C2e, 

Hxo Bjienex (1.4.7). 

JXjis ;];oKa3axejibcxBa (1.4.8) cnanajia ycxanoBHM, hxo npn k G Z'J_ ^jih 
/ G Lp(R'^),5f G Lp/(]R'^) fljia jiio6oro nenycxoro MHoacecxBa J G {1, . . . ,d} 

BblllOJIHHeXCH paBeHCXBO 




BbiBOfl (1.4.15) iipoBe^eM no HH^yKn;HH oxHOCHxejibHO card J. Hpa card J = 
1, x.e. npH J = {j},j = 1, . . . ,d, B cHjiy xeopeMbi OyGnHH, (1.3.1), (1.2.29) 
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HMeeM 



/ ((Vj(Ei:f))f)(x)g(x)dx = f [ {{Vj(Eif))f)(x„ . . . ,xj_^,xj,xj^„ . 
q(^x\^ . . . , Xj—\^ Xj, Xj-\-Xj ' • • I X(ijdxjdx\ . . . dxj—\djXjj^\ . . . dxd — 

(^(^X\^ • • • 7 17 ^j+i? • • • 5 Xd^dxjdxi . . . d/X j—\d/Xj-^i . . . dxd — 

/ If ) • • • ) •^j—'i-i -^j ) -^j+l ) • • • ) -^d) ' 



{Ei:fg{xi, Xj^i, ■, Xj+i, . . ., Xd)){xj)dxjdxi . . . dxj^idxj+i ...dxd^ 

I I /(-^i) • • • ) -^i— 1) -^i) -^i+i) • • • ) -^d)' 
{Vj{Eif)g){xi, Xj^i, Xj, Xj+i, Xd)dxjdxi . . . dxj_idxj+i ...dxd^ 

f f{x){V,{Eif)g){x)dx, 

^TO coBnaflaeT c (1.4.15) npn J = {j},j = 1, . . . ,d. 

ripeflnojioJKHM, HTO (1.4.15) cnpaBefljinso fljia jiioSoro MHOJKecTsa J C 
{1, . . . , d}, fljifl KOToporo card J < m < d — 1. HoKaaceM, hto Tor^a (1.4.15) 

HMeeT MecTO j^jis jiio6oro MHOJKecTBa JT" C {1, . . . ,d}, p^jis KOToporo card J' = 
m + 1. npeflCTaBjiHH J b bh^c J = J U {i}, r^e i ^ J, r nojibsyacb (1.3.3), 
iipe/j,iiojioaceHHeM HHflyKLi,HH, nojiynaeM 

i{Il^j{Ei:p)f)gdx= [ mEi:^MllV,{E^^^))f)gdx ^ 



iiU^j{E^^D^fm{Eiir))9)dx^ / H([lVj{Ei^f)m{Eii^'M)dx 



f-iillyAEif'Mdx, 



HTo saBepmaex bbiboa (1.4.15). 

Hojiaraa b (1.4.15) J — {l,...,d}, h yHHTbiBaa (1.4.1), iipHxoflHM k 
(1.4.8). 
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ripoBepflfl (1.4.9), fljia / e Lp{W^),g e Lp>{W'') BBH^y (1.4.8) nojiynaeM 
/ (SJ)gdx^f ( Yl {-trE,^J)gdx^ 

eeTd:/(6)C/(«) 66Trf:/(6)C/(K) -^^^ 

= E (-^)'/ f-W^dx^l {-^Yf-W^dx^ 

= / /( E {-tY{E,-e9))dx= I f'{£:j)dx. 

eGT'':/(e)c/(K) 

HaKOHen,, y6eflHMC3 b ciipaBefljiHBocxH (1.4.10). IIpH d = 1 cooxHomeHHe 
(1.4.10) coBnaflaeT c (1.2.35). YcTaHOBHivi co6jiiOfleHHe (1.4.10) npn npoHS- 
BOJiBHOM d & CorjiacHO (1.4.2), (1.3.3), n. 2 jieMMbi 1.3.2 HMeeM 

j=l j=l j=l j=l 

OTcmjia B cHjiy paBencTBa (1.2.35) c ynexoM (1.4.2) BbiTexaeT cnpaBe^jiH- 
BocTb (1.4.10) npH npoHSBOJiBHOM (i e N. □ 

§2. TeopeMa Tnna JlHTTjiByfla-IlsjiH 
fljifl onepaTopoB 

2.1. B 3T0M nyHKTe npHBeflenbi BcnoMoraTejiBHbie yTBepjKfleHHfl, na koto- 
pbie onnpaeTCH ^^oKasaxejibCTBo 3aHHMaioin,eH ii;eHTpajibHoe MecTo b paSoxe 
jieMMbi 2.2.1. Bee sth yxBepjK^^eHHJi mojkho HSBjienb h3 [11, rji. I]. 



P^Jia. saMKHyToro MHoacecTBa F C M'' h a; e R** nojioacHM 



ByfleM o6o3HaHaTb \x\ = (^^=1 \xj\'^y^'^,x e 



p{x) = p{x, F) = min \x — y\. 

yeF 

JleMMa 2.1.1 

riycTb 0? e N. Tor^a cymecTByex KOHexaHTa ci{d) > xaxaa, hto fljia 
jiio6oro saMKHyxoro MHOJKeexBa F G M.'^, fl,Jis Koxoporo mes(]R'^ \ F) < oo, 
4)yHKii,H5i M{x), onpeflejiaeMaa ^jia x E F paBenexBOM 



M{x)= I p{u)\x - u\-^'^+^Uu, 
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cyMMHpyeMa na F h co6jiiOflaeTCfl HepaBencTBO 

[ M{x)dx < ci mes(R'^ \ F). (2.1.1) 

Jf 

(cm. §2 rji. I H3 [11]) 
HpefljiojKeHHe 2.1.2 

riycTb d e N. Torfla cymecTByioT KOHCTaHTti 02(0?) > 0, c^{d) > 0, 04(0?) > 
0,C5(d) > TaKHe, HTO fljia jnoSoii (BemecTBeHHofi) 4)yHKii,HH / e Li{W'') 
npH JI1060M q; e R+ MO>Kiio iiocxpoHTb saMKHyToe mhojkccbo F C R*^ h 
ceMeficTBO OTKpbiTbix Ky6oB {Qr,r G N} CO c.nezi;yioiri;HMH CBOHCTBaMH: 

1) noHTH fljia Bcex x & F BbinojinaeTca HepaBCHCTBO 

1/(^)1 <«; (2.1.2) 

2) ^jiH = M"^ \ F cnpaBefljiHBo HepaBCHCTBo 

mesW<{c2/a) \f\dx] (2.1.3) 



3) 
4) 



QrnQs^ 0, flJiflr, s e N : r 7^ s; (2.1.4) 



W = U.eNQ., (2.1.5) 



r^e (5 J. - saMbiKaHHe Ky6a Qr, £ N; 

5) npH r e N cnpaBefljiHBbi nepaBencTBa 



cadiamQr < inf p(a;, F) < C4diam(5r, (2.1.6) 

r^e diamQ = sup^. ^^^q \x — y\,Q C W'", 
a TaKJKc 

6) npH r e N HMeeT mccto oii;eHKa 

(l/mesQr) \f{x)\dx <C5a. (2.1.7) 

(cm. §3 rji. I H3 [11]) 

ripH d e N Hepe3 L(]R'^) oSosHanHM npocTpancTBO BemecTBeHHbix nsMe- 
pHMbix no JleGery (|)yHKn;HH b R'^. KaK o6biHHO, npn 1 < pi,p2 < 00 nofl 

cyMMOH Lp^(R'^) + Lp2(R'^) noHHMacTCH no^^npocTpancTBO b L(R'^), cocto- 
amee hs bccx (j3yHKLi,HH / G L(M.'^), /^jm KOTopbix cymecTByioT 4)yHKii,HH 
A e Lp,(R'^) H /2 G Lp,(R'^) TaKHe, hto / = A + A- 
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HanoMHHM (cm., nanpHMep, [11]), hto npn l<pi<p<p2<oo cnpa- 
BefljiHBO BKjiioHeHHe -Lp(R'^) C i^pi(K'^) + Lp^iM!^). 
TeopeMa 2.1.3 

nycTb d en,l < q < oo,Co eR+,Ci eR+ rT : (Li(R'^) + Lg(M'^)) ^ 
LiW^) - OTo6pa>KeHHe, y^oBjieTBopHiomee cjie/],yiomHM ycjiOBHHM: 

1) fljifl jiioGbix f,g E {Li{W^) + Lq(R.^)) hohth fljia Bcex x e IR*^ Bbinoji- 
Hflexcfl HepaBencTBO 

mf + g)){x)\<\{Tf){x)\ + \{Tg){x)\; (2.1.8) 

2) fljifl / e Li(R'') npH a > coSjiiOflaeTCfl HepaBencTBO 

mes{a; G M'^ : |(r/)(a;)| > a} < (Co/a) ||/|Ui(r<^); (2.1.9) 

3) fljifl / e L^(R'') npH q; > BtinojiHaeTca HepaBencTBO 

mes{a: e K'^ : \{Tf){x)\ > a} < ((Ci/a)||/|U^(M.))^. (2.1.10) 

Tor;];a npn 1 < p < q cymecTByex KOHCxaHTa Cq{p, q, Co, Ci) > Taxaa, hto 
jlJiR jiio6oro OToGpaJKeHHH T : (Li(]R'^) + Lq(M.'^)) i— t- L(]R^), iio^HHHeHHoro 
ycjioBHHM (2.1.8) - (2.1.10), ^jia / G Lp(M°') HMeex mccto HepaBencTBo 

l|r/|U,(M<^) < C6||/|U^(M.). (2.1.11) 

(cm. §4 rji. I H3 [11]) 

2.2. B 3TOM nyHKTe ycTanaBjiHBaeTCH anajior TeopcMbi JlHTTjiBy^^a-HsjiH 
fljiH opToiipoeKTopoB Ha iio/],iipocTpaHCTBa BCiijiecKOB 1^ ^ ^+} (cm. tco- 
pcMy 2.2.3), cooTBCTCTByiomHe KpaTHo-MacmTaGnoMy anajiHsy, nopoac^en- 
HOMy TeHSopHBiM npoH3BefleHHeM rjiaflKHx (Jjhhhthbix 4)yHKii;HH. Hpn stom 
npH flOKaaaTejiBCTBe TeopeMbi 2.2.3 Sy^eM npn^epiKHBaTbCfl Toro jkb nofl- 
xojia, HTO B [3, n. 1.5.2] b cjiynae TeopcMbi JlHTTjiByfla-IlsjiH fljia Kparabix 
pa^oB Oypbe. yGeflHMca, hto hmcct mccto 

JIcMMa 2.2.1 

riycTB 4)yHKi];HH (f),(f)* noflHHHeHbi ycjiOBHSM npefljioaceHHa 1.2.4, (p* e 
Ci(R) H 1 < p < oo. Torfla cymecTBycT KOHCTanTa ci(0, 0*,p) > Taxaa, 
HTO npH jiK)5oM A; G Z_|_ jiio6oro Ha6opa hhccji o" = {(T^ G { — 1,1} : k — 
0, . . . , k}, fljia / G i^p(M) cnpaBefljiHBo HepaBCHCTBo 

k 

|l5^a.-(£„/)|U,(M)<Ci||/|U,(M). (2.2.1) 

K=0 
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OTMeTHM, HTO ecjiH (f)^ - MacmTa6Hpyioii];aa 4)yHKii,Hfl ^oSemn nopaflKa 
N (cm., HanpHMep, ii. 7.3 hs [6] hjih [7]), to npn flocTaTOHHO Gojibiuhx N ^'H 
napa 4)yHKn;HH = 0^, 0* = 0^ y^^oBjiexBopHeT ycjioBHHM jieMMbi 2.2.1. 

Otmcthm TaKJKe, hto ^OKasaTejibCTBO jigmmbi 2.2.1 iipoBO^HTCH no cxene, 

HCIIOJIbSOBaHHOH B [llj IipH /J,OKa3aTejIBCTBe TeOpeMBI 1 H3 rji. II. 

^OKasaTejibCTBO . 

CnaHajia ycTaHOBHM cnpaBefljiHBOCTb (2.2.1) npn 1 < p < 2. Hepa- 
BencTBO (2.2.1) ;];ocTaTOHHO nojiynnxB 4)yHKii;HH /, npHHHMaiomHX Be- 
mecTBCHHBie SHaneHHH. B caMOM ^ejie, ecjm (2.2.1) Bepno ^jih BemecTBen- 

HOSHaHHBIX (J)yHKHH /, TO flJIH KOMnjieKCHOSHaHHOH (J)yHKIl,HH / HMeCM 



\\^(^K- (^«/)||lp(r) = \\^(^k- (^«(3fi/ + iIm/))||i^(M) = 

k k 

II ^<7, • {S,{Uf))-riY,a, ■ (£:«(Im/))|U^(M) < 

K=0 /t=0 

fc fc 

II • {s,m))\Km + II • (^«(ini/))iu,(R) < 

K=0 K=0 

Cl||5ft/||MM) + Cill Im/|U^(M) < 2Ci||/|U^(M). 

OnpeflejiHM npn /c e Z+, cr = {cr^ e { — 1,1} : «; = 0, OToGpaacenne 
T = Tfe,^ : Li(R) + L2(R) ^ L(R), (r^e Li(R), L2(M), L(R) - npocTpancTBa 
Beiii,ecTBeHH03HaHHi>ix 4)yHKii,Hii) , nojiaraa fljia / e (Li(R)+L2(]R)) C 
SHaneHHe 

ra(^) = iE^«(^«(/))(^)i- 

K=0 

npH A; e Z+,cT = G {-1,1} : K = 0, ...,A;} fljia / e (Li(M) + 
L2(M)),^ e (-^^i(M) + ^2(R)) HMeeM 



I (r(/ + ^)) (x) H I J] <7«(£«(/ + ^)) (x) H 

/t=0 

fc k 

\Y,a^{EM)){x) + Y.'yn{Sn{9)){x)\< 



K=0 K=0 

k k 



\{Tf){x)\ + \{Tg){x)\, (2.2.2) 
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T.e. BbinojiHaeTca (2.1.8). 

/Jajiee, iioKa>KeM, hto npn k G Z+, a — {a^ G 1} '■ k — 0, . . . , k}, 
fljifl / e L2(M) H q; > co6jiiOflaeTCfl HepaseHCTBO 

mes{x e E : |(T/)(a;)| > a} < ((l/a)||/||L,(M))'. (2.2.3) 

B caMOM jxejie, npn k G Z+,(T = {a^ G { — 1,1} : ac = 0,...,k}, fljia 
/ G L2(M) H a > B BHfly (1.2.36), (1.2.38) HMeeM 

k 

I \{Tf){x)\'dx^ I \J2^,W)){^)\'dx^ 

k k 

I {Y.a^{EM)){x))CtaASAm^))dx = 

''^ K=0 k'=0 

EE^'^^'^' / (^«(/))(^)(M7))R^^ 

K=0 k'=0 •^'^ 

= E / i(^.(/))(^)l'rf^ = Ell^«/llL(M)< E = II/IIL(M), 

OTKy^a, KaK oSbihho, nojiynaeivi 
Q;^mes{x G R : |(r/)(x)| > a} = / a^dx 

J\xm:\{Tf){x)\>a} 



< 



'{xm:\(Tf)(x)\>a} 

|2j^ ^ / I /n^ J!\ / ^\\2j^ ^ II -f l|2 



\{Tj){x)\'dx< \ |(r/)(x)|^dx<||/||i^(^), 

{xm:\{Tf)(x)\>a} 



H, SHaHHT, BepHO (2.2.3). 

Tenepb ycxaHOBHM, hto cymecxByeT KOHCTaHxa Co > Taxaa, hto iipn 
k G = {(7„ G {-1,1} : K = 0, ...,A;} fljia / G -Li(R) h a > 

coSjiioflaeTCfl HepaBencTBO 

mes{a; G M : |(T/)(a;)| > a} < (Co/a)||/|U,(M). (2.2.4) 

nycTB A; G Z+,(7 = {(7« G {-1,1} : « = 0, . . . , A;}, / G Li(R) h a > 0. 
Z^jiH 4)yHKi!;HH / H HHCjia a nocxpoHM saMKHyxoe MHoacecxBO F, MHoacecxBO 
W = M\F H ceMeiicTBO HHxepBajioB {Qr, r G N}, fljia Koxopbix coGjiioflaioxca 
ycjiOBHfl (2.1.2) - (2.1.7) npn d = 1. 
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OnpeflejiHM 4)yHKi];HH g e fl L2(M) h /i e ivi(R), nojiaraa 

g{x) = f{x)xF{x) + J](l/mesg,)( / f{y)dy)xQr{x),x E R, 

r=l JQr 

f -g. 

Hs (2.1.5), (2.1.4) c ynexoM Toro, hto mes(Vl^ \ (U,.gN<5r)) = (h6o (Vl^\ 

(UrenQr)) C UreN(Qr \ Qr)), BblTeKaCT, HTO HOHTH ;];JIH BCeX ,T G M HMCeT 

MecTo paBeHCTBo Xw{x) = S^iXQr(^)- HosTOMy hohth fljia Bcex a; G R 
nojiynaeM 

h{x) = f{x) - g{x) = /(x)xF(a:;) + f{x)xw{x) - g{x) 

OO 

= f{x)XF{x) + f{x)(^XQr{x)) - 9{.x) 

r=l 

OO OO „ 

= f{^)C£^Qr{^)) - E(Vniesa)( / f{y)dy)xQX^) 

r=l r-=l "^"^r- 

OO „ OO 

r=l •^•3'- r=l 

r^e hr(x) = (/(x) - {1/ mes Qr) jQ^f(y)dy)xQ,{x). 

YHHTbiBaH (2.1.4), (2.1.5), HaocHOBaHHH (2.1.2) h (2.1.7) saxjiioHaeM, hto 
noHTH fljia Bcex x G M BbinojiHaeTca HepaBencTBO \g{x)\ < C2Q;, h3 KOToporo 
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BMTeKaeT oi];eHKa 

(x)\dx — 



Ml, 



= / \g{x)\'^dx < / C2a\g{3 
Jr Jr 

C2a / \f{x)xF(x) + ^(1/ mes Qr)( / f{y)dy)xQr(x)\dx < 
Jr r=i JQt 

p OO p 

C2a / \f{x)\xF{x) + ^{1/ m.^Qr)\ I f{y)dy\xQ,{x)dx ^ 
Jr JQt 

C2a{ \f{x)\xF{x)dx + Y^ / {l/mesQr)\ / f{y)dy\xQr{x)dx) ^ 
Jr Jr JQt 

n OO n n 

C2a( / |/(a;)|da; + V(l/mesQ^)| / f{y)dy\ \ XQr{x)dx) < 
Jf JQr Jr 

« OO „ 

C2a( / |/(a;)|da; + y'(l/mesQ^)( / mesQ^) = 

^=1 JQr 

C2a(/ + V / \f{x)\dx)^ 

Jf ^Q, 

C2a \f{x)\dx = C2a \f{x)\dx = C2a\\f\\Li(R). (2.2.5) 

iFU(U^iQ,.) J^ 

^jifl nojiyHeHHfl (2.2.4), 4)HKCHpyH MHoacecTBO A C R : mesA = h fljia 
X e R \ ^ BBHfly (2.2.2) HMeeT MecTO HepaBencTBO 

\{Tf){x)\ = \{T{g + h)){x)\ < \{Tg){x)\ + |(T/.)(a;)|, 

BHflHM, HTO 

({x e M : |(T/)(a;)| > a} \ A) C {x G M : \{Tg){x)\ + \{Th){x)\ > a} 

C {x e M : \{Tg){x)\ > a/2} U{x eR: \{Th){x)\ > a/2}, 

H, 3HaHHT, 

mes{x e R : \{Tf){x)\ > a} = mes({a; e R : \{Tf){x)\ >a}\A) 

< mes{x e R : \ iTg){x)\ > q;/2} + mes{x e R : \{Th){x)\ > a/2}. (2.2.6) 

H3 (2.2.3) H (2.2.5) bbiboahm 

mes{x e R : \(Tg)(x)\ > a/2} < ((2/a)|b|U,(M))' = (VafMl^^R) 

< (2/a)2c2a||/|U,(M) = (c3/a)||/|U,(M). (2.2.7) 
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^jia oii,eHKH BToporo cjiaraeMoro b npaBofi nacTH (2.2.6) HMeeM 

{x e M : \{Th){x)\ > a/2} 

^{xeF: \{Th){x)\ > a/2} U {x e W : \{Th){x)\ > a/2}, 

a, cjieflOBaTejiBHO, 

mes{a; G M : \{Th){x)\ > a/2} 
= mes{x e F : \{Th){x)\ > a/2} + mes{x e W : \{Th){x)\ > a/2}. (2.2.8) 

BTopoe cjiaraeMoe b npaBofi nac™ (2.2.8) b CHjiy (2.1.3) yflOBjieTBopaeT 
HepaBencTBy 

mes{x e W : \{Th){x)\ > a/2} <mesW < {cja) [ \f\dx = {cJa)\\f\\L,iM). 

Jr 

(2.2.9) 

C flpyroii cTopoHbi 

mes{x e F : \{Th){x)\ > a/2} < {2/a)\\Th\\L,(F)- (2.2.10) 

^jia npoBefleHHfl ou^eKKn npaBofi nacTH (2.2.10) onpeflejiHM npn m e N 
4)yHKii,Hio h'^ paBencTBOM 

m 
r=l 

H saMexHM, HTo Bcjie;];cTBHe (2.2.2) npn m £ N hohth fljia Bcex x & F 
cnpaBefljiHBo HepaBencTBo 

m m 

\{Th){x)\ = |(T(5^ K + h'J){x)\ < \{ThrKx)\ + \{Th'J{x)\, 

r=l r=l 

KOTopoe BjieneT on;eHKy 

\\Th\\L,iF)= / \{Th)(x)\dx< / (J2\(Thr)(x)\) + \(Th'J(x)\dx 
JF JF 

\{Thr){x)\dx + ^ \{Th'J{x)\dx. (2.2.11) 
ripH r e N oii;eHHM CBepxy 3HaHeHHfl | {Thr) {x) \ fljia x & F. 

OTMeTHM, HTO 

K = (UnezQ^) U {2-V -.ueZ}, 
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r^e Qk,n = 2 '^n + 2 '^7, n e Z, h, snaHHT, 

F = F n M = (U„ez(F n Q^.^)) U (F n {2-*^i/ : 1/ e Z}) 

{FnQk,n))^{Fr\{2-^v:veZ}). 

yHHTbiBaa 3T0 saMenaHHe, iipoBe^eM oii,eHKy CBepxy \{Thr){x)\ npn r e 
N, n e Z : F n Qjt.n 7^ flJia a; e F fl (5fe,„. IlpHHHMafl bo BHHMaHHe (1.2.19), 
npH reN, neZ:Fn (5fe,n 7^ 0, hohth ^jia Bcex x e F fl HMeeM 



|(T/i,)(x) 



K=0 



K=0 



< 



E 

/t=0 



K=0 



E 



E 2" 

ez :supp <Pk,pk 



X 



< 



E 

K=O,...,fc:3p„SZ:supp(/)«^p^n(3fe_„^0, p^S^^supp (/i^.^k 

supp(/>*,p„nQry^0 supp0*_p^nQr^0 



E 



2^ 



X 



Jsuppcf>% nQr 
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K=0,...,fe:3preeZ:supp <t>K,pK<' 



■K^Qk,n¥'^, p„GZ;SUpp 4>K.,pK,^Qk,n 

^0 supp</.*,p^nQ^7^0 



X 



/supp(/i*^p^n(3r 



fv=0,...,fc:3pKeZ:supp(;)„,p„i 
supp <P%^pi^ 



hr{y)(t>*{2-y - p,)dy X \(f){2^x - < 



X 



/ hr{y)<t>*{2-y - p^)dy 

Jsnpp 4)% nQr 



X 



E 



E 



supp <I>k,pk 

supp <I>k,pk 



X 



/supp0*_p^n(5, 



supp <P*n,p^r,Q' 

E 



E 

«;=O,...,A;:ElpKeZ:supp</)K,pKn<3fe,n7^0, PKeZ:supp</)K,pKnQfe,n7^0, 
supP'/>;^,p«nQ,.7^0 supp(/)*_p^nQr^0 



2K 



X 



hr{y)(l)*{2'^y - Pn)dy 



E 



E 



k;=0,...,(,:3pkGZ;supp <Pk,pk f^Qk.ni"^, p«;eZ:supp <i)K,p^ nQfc,„^0, 

SUpp<^*^^^nQr^0 Supp(/)J ^^nQr7^0 



2« 



^ /i,(t/)0*(2«y-p,)cit/, (2.2.12) 

" Qr 

= 0, . . . , A;|3p^ e Z : supp0«,p^ngfe,n 7^ 0,supp0;^^/ 

7^ 0}; r e N, n e Z : F n gfc,^ 7^ 0. 

^jifl oi];eHKH npasoii nacTH (2.2.12) OTMeTHM, hto npn r e N BbinojiHfl- 



48 



eTCfl paseHCTBO 



/ hrix)dx = / (fix) - (1/ mesQr) / f{y)dy)xQr{x)dx 
= f {f{x)-{l/mesQr) f f{y)dy)dx 
= / f{x)dx - {l/mesQr){ f{y)dy) dx 

J Qj. J Qj. J Qj. 

= / f{x)dx- I f{y)dy = 0. (2.2.13) 



OHKCHpyH fljia KaJK^oro r G N TOHKy y^ G Qr, npn r E N,n E Z : 

FnQk,n 7^ 0,«; = 0, : 3p« e Z : supp 0^,^, n 0, supp^^^^^ n 

ll};p^ e Z : supp0«,p^ n Qk,n ^ 0,supp0;^^^ n c yneTOM (2.2.13) 

BblBOflHM 



hr{y)(j)*{2'^y - pK)dy\ 



hr{y){(t>*{2-y - p^) - 0*(2-7/, -Pn)) + hr{y)(t>*{2^yr - Pn)dy\ 



hr{y){(t)*{2-y - p^) - (P*{2-yr - Pn))dy + 0*(2«|/, - p«) / K{y)dy\ = 

\l hr{y){(t>*{2-y - p^) - (l>*{2-yr - p.))dy\ < 
JQt 

I \hr{y)\ ■ \(t>*{2-y - p,) - ct>*{2-y, - p,)\dy. (2.2.14) 
JQt 

Oi];eHHBaa npaByio nacxb (2.2.14), npn rGN, nGZ:Fn Qk,n 7^ 0, = 
0, : 3p„ G Z : supp0„,p^ n (5fc,„ 7^ 0,supp0;_p^ flQ^ 7^ 0; p« G Z : 
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supp n Qk,n 7^ 0, supp 4>* r)Qry^$, flJifl y eQr HMeeM 



1^ ±{^*{2'^{y, + t{y-yr))-p.))dt\ = 
I 2 2'^(|/ - y,)'^{2\yr + - y,)) - p,)dt\ = 



S^ly-Z/rl • II-^IIl^(m) < 2'^(diamg^)|| — lli^(ffi) = C6(</>*)2'^(diamg,). 

(2.2.15) 

CoeflHHaa (2.2.14) h (2.2.15), HaxoflHM, hto npn r e N, n e Z : Fn(5jfc,n 7^ 
0, K = 0, ...,/.: 3p« e Z : supp 0,,^^ n Qfc,„ 7^ 0, supp 0^^^^ n ^ 0; p„ e Z : 
supp (f)K,p^ n 7^ 0, supp n 7^ 0, BbinojiHfleTCfl HepaBeHCTBO 



K{y)(t>*{2^y - Pn)dy\ < 

c^2'' {diam Q r)\hr{y)\dy ^ c^2'^{d\8imQr) / \hr{y)\dy. 
HoflCTaBjiaa nocjieflHioio ou,eHKy b (2.2.12), nojiynaeM, hto npn r G N, n G 



Qr 
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Z : F n Qk,n 7^ 0, noHTH fljia Bcex x & F n Qk,n coSjiiOflaeTCfl HepaseHCTBO 

\{TK){x)\<c, E 

K=0,...,t:3p„eZ:supp 4>K,pK.<^Qk,n¥'^, Pf:eZ:supp</)K,p„n(5fe_„5>^0, 
supp<?!>*,p„nQr-^0 supp</.*_p^nQr7^0 

C62''(diam(5r) / IK {y)\dy = C7{dia.mQr){ \hr{y)\dy)- 

card{p« e Z : supp n Qk,n 0, 

K=O,...,t:3p„eZ:supp</)„,|O^nQfc,„^0, 
supp0*,p^nQr.^0 

supp0;,„ nQr^ < C7(diamg,)( / \hr{y)\dyy 

jQr 

Y card{p« e Z : supp 0^,^^ n Qk,n 7^ 0}2^^ < 

supp <t>l,p^^Qr^^ 

C7(diamQ^)( / ^ card{p« e Z : supp0«,p^ n Qk,n ^ 0}2^''. 

(2.2.16) 

HpH K = 0, .... G Z : supp 0K,p^ fl Qfc.n 7^ 0, BbiGnpaH ^ G / 

H ?7 e supp 0, fljiH KOTopbix 2~^n + 2"*^^ = 2~'^p^ + 2~'^ri, naxoflUM, hto 
= 2'*~'=n + 2'^"^^ - ?7, oTKy^a 

2K-fc^ -r) < p^< 2'^~^n + 1 - 77, 

HJIH 

2''~''n - sup u< p^< 2''''^n + 1 - inf u, 
uesupp (j> uesupp (j> 

a, cjiefloaaTejibHo, 

caxd{p^ e Z : supp0«,,p^ fl (5fe,n 7^ 0} < c^{4')- 

IIpHMeHHH 3Ty ori;eHKy b (2.2.16), naxo^^HM, hto npn r G N, n G Z : 
F n Qfc,n 7^ 0) noHTH fljia Bcex a; G F fl Qk,n cnpaBefljiHBo HepaBencTBo 

\{Thr){x)\ < C7(diamg,)( j \hr{y)\dy)J2cs2'" < 

C9(diamg,)( /" |/i,(|/)|%)22^^2-2(-«) < 

JQr 

C9(diamg,)( / \hr{y)\dy)2^'Y'^~^' = cio(diamQ,)22' / \hr{y)\dy. 

(2.2.17) 
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SaMBTHM, HTO npH T £ N B CHJiy (2.1.7) BepHO HepaBeHCTBO 

f \hM\dy^ I \{f{y)-{l/mesQr) f f{z)dz)xQM\dy ^ 
I |/(y)-(l/mesQ,) j f{z)dz\dy < 
[ \f{y)\dy+{l/mesQr)\ [ f{z)dz\ [ dy < 

jQr -I Qr JQr 

I \f{y)\dy+ f \f{z)\dz = 2f \f{y)\dy<cnamesQr. (2.2.18) 

JQr JQr JQr 

KpoMe Toro, Gjiaroflapa (2.1.6), ripn r G N, fljia y & Qr cnpaBefljiHBo 
HepaBeHCTBO 

diamQ^ < ci2p(y,F). (2.2.19) 

A TaKJKe npH reN, neZ:Fn Qk,n 7^ 0) flJia x e F fl Qk,n h G Qri 
BbiSnpafl Pi e Z : supp 0^,^^ n Qk,n 7^ 0, supp 0*^^ n 7^ h ^ e supp 0^,^^ n 
Qk,n, V e supp n Qr, HMeeM 

\x-y\<\x-^\ + \^-r]\ + \r]-y\< 

dia.mQk,ri+ sup \u — v\ + diamQr, 

uesupp </)t,p, ,t;€supp </)* 

HpHHeM, 

diamgjk,„ = 2-*^ <2-', 

sup \u — v\ = sup \u — v\ — 

uSsupp <j)i.,p, jiiSsupp (f>*^p^ uG(2-'pi+2-' supp (^),i>G{2-'^pi+2-'- supp </>*) 

sup I (2- V, + 2-'u) - (2->, + 2-^^;) | = 

w€supp <j),v&upp cp* 

sup 2~''\u — v\ — 2~'' sup \u — v\ — Ciz2~\ 

tiGsupp (/),«;€supp (/)* nGsupp (?i,vGsupp (/>* 

H c ynexoM (2.1.6) 

diamQr < C14 inf |-u — f | < c^la; — r/l < Ci4(|a; — C| + |C ~ 'n\) 
ueF,veQr 

< Ci4(diam(5fe,n + sup \u-v\), 

wesupp <j>i,p^ ,vesupp </)* 

a, cjieflOBaTejiBHO, coSjuoflaeTca HepaBencTBO 

'2' < ci5\x - y\~\ (2.2.20) 
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rioflCTaBjiflfl (2.2.18) - (2.2.20) b (2.2.17), aaKjiiOHaeM, hto npn r e N, n e 
Z : F n Qk,n 7^ 0) noHTH fljia Bcex x & F r\ Qk,n HMeeT mccto HepaBencTBO 

\{Thr){x)\ < Ci6(diam(5r)2^''Q;mes(5r- = Ci6Q;(diam(5r)2^'^ / dy 

^ciea f {disimQr)2^'-dy < cna f p{y, F)\x - y\-^dy. (2.2.21) 

Hs cKasaHHoro hcho, hto npn r G N HepaBencTBO (2.2.21) BbinojiHaeTca 
noHTH fljia Bcex x E F, a, cjieflOBaxejibHo, 



I \{Thr){x)\dx < / cua{ p{y,F)\x-y\ '^dy)dx 

F JF JQr 

^cna [ [ p{y,F)\x-y\-''dydx. (2.2.22) 

JF JQr 

rioflCTaBjiflfl (2.2.22) b (2.2.11) h c yneTOM (2.1.4), (2.1.5) npHMenflfl 
(2.1.1), a 3aTeM (2.1.3), npnxoflHM k BbiBOfly, hto npn m e N cnpaBefljiHBO 
HepaBencTBO 



r=l 

+ 



||r/i||Li(F) < Ci7Q;^ / / p{y,F)\x -y\ '^dydx+ 



F JQ 



/ \{Th'J{x)\dx<c^,a / CZ. / p{y.F)\x-y\-''dy)dx+ 

JF JF JQr 

+ / \{Th'J{x)\dx ^ c^,Q^ I [ p{y,F)\x-y\-^dydx+ 

JR JF 7u;'LiQr 

+ f \{Th'J{x)\dx < ci^a [ [ p{y,F)\x-y\-^dydx+ 

Jr JF JW 

+ / |(T/i;,)(a;)|o?a; < ci8ames(R\F) + / \{Th'J{x)\dx ^ 
Jr jr 

Ci8amesW+ / \{Th'J{x)\dx < Cig / \f{x)\dx+ / \{Th'J{x)\dx ^ 

JR JR JR 

Ci9||/||l,(r)+ / \{Th'J(x)\dx. (2.2.23) 
ripHHHMafl BO BHHMaHHe, HTO npH m G N B CHjiy oi];eHOK (1.2.20) h 
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(2.2.18), ycjiOBHfl (2.1.4) h BKjiiOHeHHfl / e ivi(R) HMeeT MecTO cooTHomeHne 
/ \{Th'J{x)\dx 

' j2^^.(£^(h'J){x)\dx< [ Y,\{S^{h'J){x)\dx 



K=0 " K=0 

k 



K=0 '''^ K=0 

< Y.^\\E.{h'J\\L,iR) + ||£;«-i(/iJ|U,(M)) 

< X1c2o||/i^||li(R) =C2o(A; + l)||/l^|Ui(M) = 

K=0 

oo oo 

C2o(A; + l)|| /lr||Li(R) < C2o(/c + 1) ||^r||Li(R) = 

r=m+l r=m+l 
oo „ oo „ 

C2o(^ + l) ^ / |/ir(a:)|(ia; = C2o(/i; + 1) ^ / \hr{x)\dx < 

r=m+l ''^ r=m+l "^Q^ 

oo „ 

C2o(^ + 1) 2 / |/(a;) I (ia; —)■ npH m ^ OO, 

r=m+l •^<3r 

H3 (2.2.23) cjieflyex, hto BbinojiHaeTCH HepaBencTBo 

||T/i|U,(^) < ci9||/|U,(M). (2.2.24) 

HoflCTaBjiaa (2.2.24) b (2.2.10), bbiboahm HepaBencTBo 

mes{x e F : \{Th){x)\ > a/2} < (c2i/a)||/|U,(M), 

KOTopoe B coe/],HHeHiiH c (2.2.8), (2.2.9) ^aex oii,eHKy 

mes{x e R : \{Th){x)\ > a/2} < (c22/o;)||/|U,(m). (2.2.25) 

06'fac/j,HHMH (2.2.6), (2.2.7) h (2.2.25), npHxo^HM k (2.2.4). ConocxaBjiaa 
(2.2.2) - (2.2.4) c (2.1.8) - (2.1.10), saKjiiOHaeM, hto npn A; e N,(7 = {(7« e 
{—1,1} : K = 0,...,A;},1 < p < 2 fljia Beii];ecTBeHH03HaHH0H / e Lp{ 
corjiacHO (2.1.11) Bepno HepaBencTBO 

\\Tf\\L^(M) < Ci||/||l^(r), 
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H3 KOToporo cjieflyeT (2.2.1) npn 1 < p < 2 fljia KOMnjieKCHOSHaHHbix / e 
Lp(M.). CnpaBefljiHBOCTb (2.2.1) npa p = 2 ycTaHOBjiena npn BMBOfle (2.2.3). 

Tenepb nponepHM co6jiio;];eHHe (2.2.1) iipn 2 < p < oo. B caMOM jiejie, npn 
k eN,a = {a^ e {-1, 1} : k = 0, . . . ,k},2 < p < oo.p' =p/{p~ 1) G (1,2), 
B CHjiy (1.2.30) flJiH / e Lp(M),5f G Lpi{K) ciipaBC/j,jmBO paBCHCTBO 



H3 KOToporo BBHfly Toro, HTO Lp(R) — (Lp/(]R))*, H OToSpaaceHHe 5" : Lpi{W) 3 
g ^ Sg — 'g ^ -£'p'(K) flBjiaeTCfl HaoMeTpnefi I/p/(R) na ce6fl, cjie^yeT, hto 
onepaTop 

k k 
(J] CT« • El) = (^ CT« • £:«) 

K = K=0 

3Bji3eTC3 conpajKeHHBiM K onepaTopy 

k 

S{Y,a.-8t)S 

a, 3HaHHT, 

k k 

IKX^ (7« • Sl)\\B{L^{R),L^{m.)) = ||'S'(2]^ (7« • £1 )S\\B{L^,{R),L^,{m.)) = 
«;=0 K=0 

k 

II (^(J« • ^^^)||B(Lj,,(ffi),V(M))- 

OTcro^^a, yHHTbiBaa BbinojiHeHHe (2.2.1) npn p' bmccto p, saKjiiOHaeM, hto 
(2.2.1) co6jiio/],aeTCJi npn 2 < p < cxo.D 

IIpH noMomH jieMMBi 2.2.1 ycTaHaBjiHBaeTca 

TeopeMa 2.2.2 

HycTb deN, l<p<ooH fljia j — 1, . . . ,d 4)yHKi];HH (pj, 0^ y^OBjieTBO- 
pfliOT ycjiOBHflM jieMMbi 2.2.1, a 4)yHKi];HH 0, 0* aaflaiOTca paBencTBaMH 

d d 

ct>{x) = \[(k,{x^)A*{x) = \[(k*{x^),x e M'^. 

j=i i=i 

Tor^a cymecTByeT KOHCTaHTac23((i, 0, 0*,p) > xaxaH, hto ^jih jiio6oro ce- 
MeiiCTBa HHceji {a^j : re e Z^} BH^a a,^ = Y['j=i'^ijj ^fl^ '^ij ^ ^I'^^i ^ 
Z+,j = 1, . . . , d, fljia / e Lp(R'^) cnpaBefljiHBO HepaBencTBO 

II 5^ a, • (£«/)|U,(M<^) < C23||/||l,(r^), (2.2.26) 
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^OKaaaTejibCTBO . 

CnaHajia noKaJKCM, hto b ycjioBHHX TeopeMbi jiJi^i jiio6oro nenycToro mho- 
jKecTBa J C {!,...,(/} iipa jiio6om G h jiioSbix HaSopax hhccji 

{cr^^. G { — 1, 1}, = 0, . . . , /Cjjjj G J, flJiH / G Lp(]R'') hmcct mccto nepa- 

BBHCTBO 

II E (nK-^^-(^«f)))/ii^.(^'')^(n^i('^^->i'^^))-ii/iiMM'')' (2-2-27) 

KJez^^ikJ) jeJ jeJ 

rfle m = card J, a S^f = st'-'^' |lj,(r), G Z+, j = 1, . . . , d. 

^OKaaaTejibCTBO (2.2.27) npoBe^eM no HH^yKi^HH OTHOCHTejiBHO m. Hpn 
m = 1, T.e. fljia j = 1, . . . , d, Hcnojitayfl n. 2) jieMMbi 1.3.2, Teopeiviy OySnnH, 
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(1.3.1), (2.2.1), HMeeM 

Kj=0 



Ki=0 



IL 



= / / i((^.(E<-^^f))/)(^i'---'^^-i'^^'^^+i'---'^<^)i' 

X dxjdxi . . . dxj-idxj+i . . . dx^ 
X dxjdxi . . . dxj-idxj+i . . . dx^ 

= / ii(E'^«/«f)-^(^i'---'^i-i'"'^i+i'---'^'^)iij 

X dxi . . . dxj-idxj+i . . . dxd 
< I (ci(0j,0*,p)||/(a;i,... 

jRd-l 

X dxi . . . dxj-idxj+i . . . dxd 

= {Ci{(pj,(j)*,p)y / \f{xi,...,Xj_i,Xj,Xj+i,...,Xd)\^ 

X dxjdxi . . . dxj-idxj+i . . . dx^ 

= (Ci(0,-,0*,p))f / \f{x)\Pdx = (ci(0,-,0*,p)||/|U^(M.))^ 

OTKyfla 

II E <(^.-(^^f))/IU.(M'^) < ci(0,>-,p)||/IU,(R<^), (2.2.28) 



HTO coBnaflaeT c (2.2.27) npn m — 1, J — {j}. 

ripe^nojiojKHM Tenepb, hto npn HCKOTopoM ■m:l<m<d — 1, on;eH- 
Ka (2.2.27) HMeeT mccto ^jih jiio6oro MHO>KecTBa J C {1, . . . ,d} : card J — 
m, npH jiK)6oM k"^ e (Z+)"', jiioSbix Ha6opax hhccji {ct^^. G { — l,l},K,j — 
0, . . . , kj}, j e J, H J11060H 4)yHKii;HH / G LpiW^). HoKajKeM, hto Tor^a nepa- 
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BeHCTBO (2.2.27) cnpaBefljiHBO npn m + 1 BMecTO m fljia jiioGoro MHoace- 
CTBa iT" C {1,. . . ,d} BMecTO J, y Koroporo card = m + 1, npn ,;iio5om 
k'^ G (Z^J.)'^, jiK)6t.ix HaSopax hhccji {ct^^ G {—1, 1}, Kj — 0, . . . , kj},j G J', 
H JI1060H 4)yHKii;HH / G Lp(M°'). IIpe^icTaBjiHH MHoacecTBO JT" C {1, . . . ,d} : 
card JT" = m + 1, B bh^c J = J U {i}, i ^ J, c ynexoM (1.3.3) b cHjiy (2.2.28) 
H npeflnojioaceHHa HHflyKii,HH nojiynaeM 

II E iU(<^Mf)))fKm 

= II E <(^i(^?))((n(<^^(^«f)))/)iu.(^'') 
=iiE<(^«(^:f))( E (n«^^(^^f)))/)ii^.(^^) 

<c^{<P^,<Php)\\ E (n(<^^(^^f)))/ll^p(^^) 

< Ci{l(j)i,(p*,p)([[ci{(pj,(p*,p)) ■ ||/||L^(Rd) = (JJci(0j-,0*,p)) • ||/||L^(Rd), 

HTo saBepmacT bbibo^ (2.2.27). 

B HacTHocTH, H3 (2.2.27) npH m = d BBH^y (1.4.2) nojiynaeM, hto b 
ycjiOBHflx TeopeMbi npn jiioSom k G coSjiiOflaeTCfl HepaBencTBO 

d 

II E '^'^ ■ i^ML^m < C23\\f\\L,{R'i),(^K = n^«.' 
KGZ'lik) .7=1 

r^e ai. G {-1, 1}, G Z+, j = 1, . . . , / G Lp(R'^), C23 = ^i^'^^' '^^^^)- 

(2.2.29) 

Tenept ySe^HMcs b cnpaBc/j,.;iHBOCTii (2.2.26). /3,jih iipoHSBOJibHoro ceMeii- 
CTBa HHceji {a^ = nj=i (^i^ ■ (^i^ e {-1, 1}, j = 1, ■ ■ ■ , ci, k G Z^}, 4)yHK^HH 
/ G I/p(M'^) paccMOTpHM nocjieflOBaTejiBHOCTB 

{( E (^n-{SJ))eLp{R''),keZ+} 

K&i^(k e) 

H, iipHHHMaH BO BHHMaHHe (2.2.29), ceKBeHii,HajiBHyio KOMnaKTHocTB ma- 
pa B[Lp{W^)) OTHOCHTejibHO *-cjia6oit TonojiorHH b npocTpaHCTe Lp{W^) — 
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(Lpr(W^))*, BbiGepeM noflnocjieflOBaTejibHOCTb 

«;eZi(fen e) 



H 4)yHKii,Hio F e Lp(R ), o6jiaflaioii],He xeivi cbohctbom, hto fljia jiioSoii 4)yHK- 
i];hh e Lp/(R'') BbinojinaeTCfl paBencTBO 

lim / ( V a,{SJ))gdx^ f Fgdx. (2.2.30) 



n—^oo 



SaMeTHM, HTO npH J11060M K e Z^, Sjiaroflapfl (1.4.9), (2.2.30), (1.4.10), fljia 
g e Lp/(]R'^) HMeeT mbcto paBencTBO 



/ {E^F)-gdx= / F • (£«5r)cia; = lim / ( a^, ■ {S^, f)){E^g)dx 

= lim / (T«/ • {S^>f)) ■ gdx 



K'eZd (fc„e) 



= lim / ( V cT«/ ■ £^{£l,f))gdx = ■ {£J)gdx, 

H, SHaHHT, 

£:,F = (7„-(^,/). (2.2.31) 
YHHTbrnafl (2.2.31), (1.1.1), (1.4.7), saKjiioHaeM, ^to 

cxoflHTCfl K F B LpiW^) npH m(/c) ^ 00. HosTOMy, nepexoflfl k npe^ejiy npn 
m{k) — >■ 00 B HepaBencTBe (2.2.29), npnxoflHM k (2.2.26). □ 

CjieflCTBHe 

B ycjioBHHX TeopeML.1 2.2.2 fljia jiioGoro ceMeflcTBa HHceji {cTk : k G Z*^} 
BH/j,a = 11^=1 r;];e a^^, G {-1,1},/?^ G Z+,j = h jiio6oh 

4)yHKii,HH / G Lp(M'^) coGjno^aeTCH HepaBencTBo 



|Lp(]Rd) < C23II Yj ^« ■ (^k/)IUp(K'')- (2.2.32) 
^OKaaaTejiBCTBO . 
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CnaHajia noKaaceM, hto npn jiioSom k e Z^, jiio6om naSope hhccji {a^ — 

UU < • < e 1}, J = 1, ■ ■ ■ , « e Kik)}, f e cnpaeefl- 
JIHBO HepaseHCTBO 

||-£^*;/||Lp(R'i) < C23II ^ ■ ('S^K/)||Lp(Rd). (2.2.33) 

B caMOM flejie, BSHfly (1.4.10), (l-l-l) HMeeM 

= ( E ^'■^«")/= E ^'^/ = ^^/- 

OTKy^a, npHMenaa (2.2.29), bmboahm 

||^fc/||Lp(Rd) = IK E ^« ■ 



= 11 E ^«-^«( E • (^«'/))iiip( 

< C23II E '^k' • (^^K'/)||l,p(Rd). 

KaK bh;];ho h3 BL.iBo;];a (2.2.26) h (1.4.7), b HepaBencTBe (2.2.33) mojkho 
nepeHTH k npe^ejiy npn m{k) 00, b pesyjibTaTe nero nojiy^HM (2.2.32). □ 

C noMomBK) TeopeMbi 2.2.2 h cjieflCTBHs h3 nee, onnpaacB na cxeny flOKa- 
saTejibCTBa TeopeMbi JlHTTjiByfla-ITsjiH, HSJiojKeHHyio b [3] fljia onepaTopoB 
B3flTHfl HacTHbix cyMM KpaTHbix pflflOB Oypbe, ycTanaBjiMBaeTCfl 

TeopeMa 2.2.3 

B ycjioBH3x TeopeMbi 2.2.2 cymecTByioT KOHCTaHTbi 024(0?, 0, 0*,p) > 0, 
C25{d, (f),(f)*,p) > TaKHe, hto fljia jiio6oh (J)yHKii,iiH / e Lp(R'^) BbinojiHfliOT- 
ca HepaBeHCTBa 

C24||/||l,(r<^) < ( / ( E \i^J){^)\Y'dxy/^ < C25||/|U,(R<^)- (2-2.34) 
^OKaaaTejibCTBO . 

PaccMOTpHM CHCTeMy Pa^eMaxepa, cocT05im;yio h3 4)yHKii;HH 
u^{t) = signsin(2''+Vt),t e I,k e Z_,_, 
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H onpeflejiHM ceMeficTBO 4)yHKii,HH ui'^iK G Z^, nojiaraa 

d 

KaK HSBecTHo (cm., HanpHMep, [3, n. 1.5.2]), cymecTByioT KOHcxaHTbi C26{d,p) > 
0,C27{d,p) > TaKHe, hto npn jiioSom A; e ^jia jiioSoro naSopa hhccji 
{ok e C, k e Z^(/c)} HMeeT MecTO HepaBencTBO 

C26( E l««l')'^'<ll E «'^^'(-)IIm7<*)<C27( E (2-2-35) 

^jifl / e I'p(K'^) npH A; e Z^, Hcnojitaya (2.2.33), TeopeMy OySnHH, 

(2.2.35), BblBOflHM 

ll^^/lli,(M.) = fW\\l^^,^dt< f{c2s\\ E ^^(^)-(^«/)IU,(M=<))^rf^ 

= w/ / I E ^tit) ■ {sj){x)rdxdt 

-ic23r [ [ I E ^tit) ■ {SJ){x)\mdx 
-{0237 [ II E i^Mx) ■ U:i{-)\\1^,,/X 

<{c23r f M E i(^«/)(^)r)'/')^rf^ 

= (C28)^ / ( E \i^J)i^)\Y'dx, (2.2.36) 



K6Zi(fc) 
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H, nojibsyflCb (2.2.35), xeopeMoli Oy6HHH, (2.2.29), nojiynaeM 

K&Uk) K&Uk) 



-ic29Y f I I E ^'{t)-{^nf){x)\^dtdx 

= w/ II E ^'w-(^«/)iImm^)^^ 

<(C29)^ / (c23||/|U,(Rc<))^^^i = (c25) 



,PII 



OTKy^a, B HaCTHOCTH, HMeeM 

/ ( E l(^./)(a:)r)^/'rfa;<(c25)ni/||i^(«.),neZ+. (2.2.37) 

/JjiH iiojiyHeHHH BToporo HepaseHCTBa b (2.2.34) ^ocTaTOHHO iipHMenHTb 
Teopejviy JIcbh o iipeflejiBHOM iiepexo/j,e iio/i, snaKOM HHTerpajia k mohotohho 
B03pacTaioii],eH nocjieflOBaTejibHOCTH 4)yHKi];HH {'ClliKL\{m) I(^k/)(^)P)^^^) ^ 
Z+}, npHHHMaa bo BKHManne (2.2.37) h yHHTbiBafl, hto hohth fljia Bcex 
X e R'^ npefleji 

/ \P/2 / \p/2 

lim 5] |(^-«/)(x)n = lim E 

K;gZ|(ne) K&\{m) 

\ P/2 



Ilocjie^^Hee paBencTBO cnpaBefljiHBO b CHjiy Toro, hto npn /c £ HMeeT 
MecTo cooTHomeHHe 



\{e.f){x)\^< E l(^«/)(^)l'< E 

reeZi (m(fc) e) reeZi (fe) kSZI (aK(fe) e) 



BBHfly cKasaHHoro h na ocHOBaHHH (1-4.7) iiepexo^H k iipe/],ejiy b (2.2.36) 
npH Tn(/c) — >■ oo, iipHxoflHM K nepBOMy HepaBencxBy b (2.2.34). □ 
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